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In tha present treatise I have attempted to give an exposition 
of the Theory of Determinants and their more important appli- 
cations. In every case where it was possible I have consulted 
the original works and memoirs on the subject; a list of those 
I have been able to see is appended as it may be useful to others 
pursuing the same line of study. At one time I hoped to make 
this list exhaustive, supplementing my own researches frora the 
literary notices in foreign mathematical journals, but even with 
this aid I found that it would be necessarily incomplete. In 
consequence of this the list has been restricted to those memoirs 
which I have seen, the leading results of which are incorporated • 
either in the body of the text or in the examples. 

The principal novelty of the treatise lies in the systematic 
use of Grassmann's alternate units, by means of which the study 
of determinants is, I believe, much simplified. 

I have to thank my friend Mr Jas. Barnard, M.A. of St John's 
College and Mathematical Master at the Proprietary School, 
Blackheath, for the care he has bestowed on correcting the proofe 
and for many valuable suggestions. 

R. F. SCOTT. 
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THEORY OF DETERMINANTS. 



CHAPTER I. 



IntrodticHon. 

1. The object of the theory of Determinaots is to obtain 
compendious and simple methods of dealing with lai^e numbers 
of quantities. In the words of Professor Sylvester, "It is an 
algebra upon an algebra; a calculus which enables us to combine 
and foretell the results of algebraical operations in the same way 
as algebra itself enables us to dispense with the performance of 
the special operations of arithmetic" 

It will be found that the advantages and success of the 
method depend in great measure upon the notations which have 



2. To indicate concisely the quantities discussed different 
notations have been used. The numbers belonging to the same 
class being denoted by the same letter, the different numbers of 
that class are distinguished by affixing numbers or letters, e.g. 



O/i o,, Ot, ...-.., 
denotes such a class of numbers. Each letter with its affix is 
called an element ; the affixed number from its position is usually 
called the suffix of the element. 



s. D. 
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2 THEOBT OF DETERMINANTa. [CHAP. I. 

We have frequently to deal with a series of such classes, each 
coDtaining the same number of elements; these when written 
one under the other in rows form a rectangular array, the 
class being denoted by the letter while the suffix indicates the 
position of the element in the class. 



E.g. 



3. In the theory of determinants we have frequently to deal 
with several such arrays, and it will be found that the most con- 
venient notation is the following : 



where there are m horizontal and p vertical rows of elements. 

Then Ot, is that element in the array of a's which is situated 
at the intersection of the ^ horizontal and s* vertical rows. 

The firat suffix tells us the horizontal and the second suffix 
the vertical row in which the element stands. 

In the present work these horizontal and vertical rows will be 
called rows and columns ; a,^ therefore stands in the ifc* row and 
s* column. 

Occasionally when we are dealing with a single array the 
letter is omitted, and instead of a^ we write {ka) only. Such 
a notation is called an urrUfral notation, (ks] being not a quantity, 
but, as it were, the shadow of one, 

4, To give an example of the use of this notation take two 
groups of points in space, the first consisting of m and the second 
of p points. Then we may denote the distance between the jfc* 
point of the first group and the s* point of the second by d^ or 
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2 — 6.] PERMUTATIONS OF ELEMENTS. 3 

(ka) eimply, and the whole set of lines joiQiug the points of the 
two groups would be denoted by the array in § 3. At the same 
time the meaning of any selected element tZ^ is perceived at once. 

3. If we have any n elements a,, o,, ... a^, we may call 



where the elements are arranged according to the magnitude 
of the numbers forming the suEBses, the natural or original 
order of the letters. Any other order is called a permutation 
of the elements. One element is said to be higher than another 
when it has the greater suffix. When in any permutation an 
element with a higher suffix precedes another with a lower we 
have an inversi&n. 

Thus the permutation a^, o,, a,, a^, of four letters, contains the 
following four inversions, 

where we compare each element with all that follow it. 

Following Cramer it is usual to divide the permutations of 
a given set of elements into two classes ; the first class contains 
those permutations which have an even number of inversions, the 
second those which have an odd number. 

6. By permutating the elements a„ o,, ...ct^ we obtain all, 
possible ways in which they can be written. The same result is 
arrived at by writing down all the permutations of the suffixes 

1, 2, ...n and then putting a's above them. 

By repeated interchange of two suffixes we can get every 
permutation of the given elements from their original order. 

For if we start with two suffixes 1, 2, they have but two 
arrangements, 

1. 2, 2, 1, 

of which the second is got from the first by a simple interchange. 
Taking three elements 1, 2, 3 out of these we can select the duad 

2, 3, whose permutations are 2, 3 ; 3, 2. Prefixing 1 to each of 
these we get 1, 2, 3; 1, 3, 2, which are two permutations of the 

1-2 

..oogic 



4 THEORY OF DETEBMINAMTS. [CHAP. I. 

given elements. Proceeding in like manner with the other duads 
1, 3; 1, 2, we get the six arraagements of three figures 

12 3, 13 2, 231 

2 13, 3 12, 3 2 1. 
Next take four numbers 1, 2, 3, 4. We get four triplets by leaving 
out one number, viz. 

12 3, 12 4, 13 4, 2 3 4. 

For each triplet we can write down six arrangements by the rule 
just given for three numbers, then adding on the missing number 
we get twenty-four arrangements of four numbers, viz. 



12 3 4 


12 4 3 


13 4 2 


2 3 4 1 


2 13 4 


2 14 3 


3 14 2 


3 2 4 1 


13 2 4 


14 2 3 


14 3 2 


2 4 3 1 


3 12 4 


4 12 3 


4 13 2 


4 2 3 1 


2 3 14 


2 4 13 


3 4 12 


3 4 2 1 


3 2 14 


4 2 13 


4 3 12 


4 3 2 1 



And so we could go on to write down the arrangements of any set 
of elements. 

The number of arrangements of n letters is 1.2.3...n or n\ 
an even number. 

7. If in a given permutation two elements be interchanged 
while all the others remain unaltered in position, the two resulting 
permutations belong to different classes. This will be proved if 
we can shew that the difference between the number of inversions 
in the two permutations is an odd number. 

We can represent any permutation of a group of elements by 

A d B e C (1), 

where d and e are the two elements to be presently interchanged, 
A the group of elements which precede d, B the group between 
d and «, and C the group which follows «. The permutation we 
obtain is 

A e B d 0. (2). 
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6 — 8.] PERMUTATIONS OF ELEMENTS. 6 

The number of iiiTersions ia the two permutations (1) and (2) due 
to the elements contained in the groups A, B and G is in ea«h 
case the same. And since the elements of A precede d and e in 
both permutations we get no new inversions in (2) from these; the 
elements of C follow both d and e, and therefore give rise to no 
new inversions. We have therefore only to consider the changes 
in the two permutations 

d B e a,nd e B d (3). 

Suppose that .e is higher than d; let B contain b elements of 
which 6, are higher than d and S, higher than e. Then in the 
permutation d B e yfe have, independently of the inversions con- 
tained in B itself, b~\ + b^ inversions, because there are b — 6, 
elements lower than d and b^ higher than e. 

In eBdwe have b — b, inversions on account of e, i, on account 
of d, and one because e is higher than d; thus, without counting 
the inversions in B, we have b — 6,+ b^+ 1. The difference between 
the number of inversions in the permutations (3), and therefore 
in (1) and (2), is thus 

&-6j + 6. + 1 -(6- J, + 6^ =2(6.-6^ + 1, 
which is an odd number, shewing that the permutations belong to 
different classes. 

8, The same result may be arrived at as follows. If there be 
n quantities whose natural order is 



and if in any arrangement we subtract each suffix from all that 
follow it and multiply these differences together, we shall have a 
product whose sign will depend on the number of inversions in 
the given arrangement, the sign being positive if the number of 
inversions is even and negative if the number of inversions is odd. 
If then i, k be any two suffixes chosen arbitrarily which are to be 
interchanged, i preceding k in the given arrangement, the product 
of the differences will consist of four parts. 

(i) The factor ii:-t. 

(ii) and (iiij A set of factors such as r — A, and r — t, 
where r is some number of the series l...n excluding i and k. 



io;;lc 



6 THEORY OF DETERMINANTS. [cHAP, I. 

(iv) A. set of factors such as r — s, where r, « are any two 
DumbetB of the series 1, 2...n excluding i and k. 

Then for the given arrangement the product of the differences 

+ (J:-.)n(r-.-)(,-i)n(r-,), 
where the symhol II stands for "the product of all such fectora," 
If now we interchange i and k, the signs of all factors such as 
(r ~k){r~ t), {r ~ s) remain unchanged, while Jc — i changes sign. 

Thus on interchanging two elements the product of the differ- 
ences changes sign, Le. by interchanging two sufEzes we have 
introduced an odd number of negative factors and therefore of 
inversions, hence the two arrangemente considered belong to dif- 
ferent classes. 

9. If in a series of elements each is replaced by the one 
which follows it, and the last by the first, we are said to have got 
a cyclical permutation of the given arrangement. If the system 
of elements 



be considered as forming an endless band, if we cut this band 
between a, and a, we have the natural order, cutting it between 
a, and a, we have a cyclical permutation of the first order, and ao 
on. 

Such a cyclical permutation is equivalent to n — 1 simple 
interchanges, viz. we move o, from the first to the last place by 
interchanging the first and second elements, then the second and 
third, and so on, in all n — 1 simple interchanges. Thus a cyclical 
permutation of a given arrangement belongs to the same or 
opposite class as the given one according as the number of ele- 
ments is odd or even. 

10. Every permutation of a given set of elements may be 
considered as derived from a fixed permutation by means of cyclical 
permutatipns of groups of the elements. 

This is best illustrated by an example. Let the suffixes of two 
permutations of nine elements be 

7, 6, 3, 2, 1, 4, 8, 5, 9 

8, 7, 9, 5, 1, 6, 4, 3, 2 
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8 — 12.] DEFIKITION OF A DETEEMINANT. 7 

Here the second permutation is obtained by replacing in the first 
7 by 8, 8 by 4, 4 by 6 and 6 by 7, which completes a cycle. Then 
3 is replaced by 9, 9 by 2, 2 by 5 and 5 by 3, which completes 
the second cycle. Lastly, 1 forms a cycle by itself. 

11. If elements which remain unchanged like 1 in the 
preceding example be considered as fonning a cycle of one letter, 
we may state the following theorem : Two permutations belong 
to the same or different classes, according as the difference be- 
tween the number of elements and the number of groups by 
whose cyclical interchange one permutation is got from the other, 
is even or odd. 

For if there be n elements altogether, and p cycles of n,, 
n, . . . n, letters, the cyclical interchanges are equivalent to 
(n.-l} + («,.-!) + ...+{M,-l)=n, + n,...+n„-2> 



simple interchanges, which proves the theorem. 

In the example in Art 10, n = 9, ^ = 3, and thus they belong 
to the same class. 

12. If the number of rows and columns in an array be the 
same, we have a square array. Let such an array, containing n* 

elements, be 



The diagonal of elements a^^, ct„...a^^ will be called the leading 
or principal diagonal 

A certain function, which is called a determinant, can be 
formed with the elements of this array as follows : From the array 
choose n different elements such that there is one and only one 
element from each row and column, multiply these elements to- 
gether, the product will be a term of the determinant of n letters. 
For example, the set of elements 
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8 THEORY OF DETERMINANTS. [CHAP. I. 

situated in the principal diagonal of the square array, form a term 
of the determinant ; this will he called the leadiog term, and to 
it we aasign the positive sign. 

The sign of any other term 



is determined as follows. From the mode in which the elements 
were selected, it follows that 

/ h...s, and g, k ... t 
are each of them permutations of 1, 2 ...n. Let them contain 
p and q inversions respectively, then the sign of the term 



is (— ly**. The sum of all the possihle terms with their proper 
signs is the determinant of the array. 

More simple rules may be given for determining the sign of 
any term. If we interchange any two elements a^ and a^ the 
term does not change its sign. For this interchange is equivalent 
to the interchange of i with h and J with k. By these two in- 
terchanges we increase hothp and q by an odd number, and hence 
the sign of the term is unaltered. It is therefore usual to give 
to one series of suffixes their natural order, when one of the two 
numbers p oi q is zero, and the sign of the term of the deter- 
minant depends solely on the number of inversions in the other 
series, and is the same whether the first or second series of suffixes 
retains its natural order. 

It is thus clear that all the terms of the determinant will be 
obtained from the leading term 



by keeping the first suffixes fixed in their natural order, and 
writing for the second suffixes in succession all possihle permuta- 
tions of the elements 1, 2 ... n, giving to the product of the 
elements the positive or negative sign according as the number 
of inversions is even or odd. 

Such a determinant is said to be of the n** degree, since each 
term is the product of n elements. It has n! terms in all, since 
this is the numher of permutations of the second suffixes, each 

,: ., .„Googlc 



12 — 14.] NOTATIONS FOE A DETERMINANT. 9 

of which gives a term of the determinaiit. One half of these 
terms have the positive, the other half the negative sign. 

13. Various notations are employed for the determinant of a 
system of n* elements. Cauchy and Jacobi denoted it by drawing 
two vertical lines at tbe sides of the array, or by writing ± before 
the leading term and prefixing a summation sign, 

= 2±o„a„...a„. 



Sylvester uses the umbral notation 

I 1, 2 n, I 

I 1, 2 «. I 

If the determinant be written in the form 



we may denote it by 



. |(i = l, 



.«), 



meaning by this that i is to take the different values 1, 2 ... n in 
succession. Lastly, the determinant with double suffixes may 
he denoted by 

|a„ I {i, k=l, 2 ...«), 

the bracket at the side telling ub what values the suffixes % and 
fctake. 

This bracket is frequently omitted in practice. 

This notation is, I believe, due to Prof. H. J. S. Smith, who 
employs it in his report on the theory of numbers, Brit. Ass. Rep., 
1861, p. 504. 

14. From Art. 6 we know the permutations of a system of 
two, three, or four elements. These give us the determinants of 
degree two, three, and four, viz. 
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+ a.VA - "A^A - aA'^A + aA'^A 


.. '.. ", 


, d. 


+ <!A«A - "Ac,"*, - "A«A + "A^A 
+ aA^A ~ ^A^A "^A'^A + t^A"!*^ 



A useful mnemonical rule for writing down the expansion of 
any determinant of the third order is the following, due to, Sarrus. 

Let the determinant be 

, K, (■ 

, &„ c 

Alongside of this repeat the first and second columns in 



a, J, c a \ 
o, Oj Cj a, Oj' 

and form the product of each set of three elements lying in lines 
parallel to the diagonals of the original square. Those which lie 
in lines descending from left to right have the positive, the others 
the negative sign. 

Thns the determinant is 

— c,6,a, — a,c,6, — hfij:^. 

In practice it is not necessary actually to repeat the columns, 
but only to imagine them repeated. 
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11 



14—16.] 

It is not difficult to devise similar rules for determinants 
of higher order than the third, but we shall obtain methods for 
reducing the expansion of a determinant to that of several deter- 
minants of lower order, and for reducing the order of a determi- 
nant, so that they are unnecessary. 



15. If we interchai^e rows and colu 
of Art. 13, we get 



3 in the determinant 



This is the same as the original determinant with the suffixes 
of each element intei'changed. Its expansion is then obtained 
&om that of the original determinant by interchanging in each 
«term the suffixes of each element. That is to say, in the term 
a„, a^ ... a„ we keep the second suffixes fixed in their natural 
order and write for the first suffixes all possible permutations of 
1, 2 ... n. But the reasoning of Art. 12 shews that each term in 
the new determinant has the same sign aa the corresponding one 
in the original determinant. 

Thus a determinant remains unchanged in value when its 
rows and columns are interchanged. 



Alternate Nvmbers. 

16. The magnitudes with which we deal in ordinary or 
arithmetical algebra are subject, as regards their addition and 
multiplication, to the following principal laws : 

(i) The associative law, which states that 
(o + 6)+c = a + (6 + c)=o + 6 + c, 
or that ah .c=a. hc = abc. 

(ii) The commutative law, which states that 
a + b = b + a, 
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12 THEORY OF DETERMINANTS. [CHAP. I. 

(iii) The distributive law, -which states that 

a {b + c) =<d) + ac. 

The researches of modern algebraists have led them to con- 
sider quantities for which one or more of these laws ceases to hold, 
or for which one or more of these laws assumes a different form. 

Numbers, whether real or ideal, which follow the laws of 
arithmetical algebra will be called scalar quantities. 

We shall find it useful to consider a class of numbers which 
have received the name of alternate numbers. These are deter- 
mined by means of a system of independent units given in sets 
like the co-ordinates of a point in space; such a set will be 
denoted by e,, e,, ... e,. A number such as 

formed by adding the units together, each multiplied by a scalar, 
will be called an alternate number of the n"" order. 

In combination with scalar quantities and with units of other 
sets these units follow the laws of ordinary algebra. In combina- 
tion with each other the units of a system follow the associative 
law and the commutative law as regards addition, but for multi- 
plication we have the new equation 

e,ej = -e,c, (1). 

As a consequence of which it follows at once that 

e* = (2) 

for all values of t. 

17. If A =afi^ + a^^+... +tt,e„ 

■^= Vi + V.+ •■• + V« 
be two alternate numbers of the n* order, we define their product 
as follows : 

AB = Xa,e,tbfi, 

= tafi, . h,e, 

= Tafi,efif. 



izecoy Google 
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Hence, by equations (1) and (2) of Art. 16, 
AB= {afi, — aj>^ V*+ {'*A~°A) Va"^ ■■■ 

+ {a,_,6, — a_6,.[) c,i_i«.- 

Thus clearly AB = ~BA and A* = Q, proving that alternate 
numbers have the same commutative law of multiplication as the 
units. 

This kind of multiplication, where AB = — BA, is called polar 
because the product AB has opposite properties at its two ends. 

18. If k be any scalar 

{A+kB)B = AB + hff=AB, 
BO that the product of two alternate numbers is not altered if one 
be increased by a multiple of the other. 

If we have a product of more than two numbers 

ABC L, 

it follows that for one of them, say Cj we can write 

G-^h^A + k^B-V...-\-KL, 
and the product will still remain unaltered. 

The alternate numbers belong to that class of algebraical 
magnitudes for which multiplication is a determinate, but division 
an indeterminate process. Viz. 

-g- = A-^hB, 

where i!: is an arbitrary scalar. 

The continued product e^e^ ... e, of all the units of a set will in 
future be assumed to be unity. An explanation of this assumption 
will be given later on. 

19. If now we take a square array of elements such as that in 
Art. 12, we can form a system of n alternate numbers of the it"' 
order by taking the elements of each row to form^he coefficientB 
of the units in the numbers. Let P be the product of all these 
numbers, so that 

^-('^iA + ®iA+ ■■■ +'^i>^-)(°ii*i + <*>.''»+■■■ +a^«.)-.. 
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On multiplying out the factors on the right, 

If e,, e, ... c„ were ordinary scalars the product e^e^ ... e, would be 
formed by taking n numbers from e^, e, ,..e,, and any number 
might be repeated 1, 2...n times; but since e^e^ ... e,= if any 
two unite are alike, it follows thatp, rj'...s is to be a permutation 
of 1, 2...n. It follows at once from the law of multiplication 
(equation I, Art. 16) that 

c^e, ... e,= { — 1)'e^e^ ■•■ c,, 
where v is the number of inversions in the series e^e, ... e. 

Thus P = e,fi, ... e„£ (- iya^a„... a„, 

but the term under the summation sign is a term of the deter- 
minant of the system of elements, with its proper sign. Thus 
■P= I«bI e.e,...«. 



Hence the determinant of a system of n* elements is expressed as 
a product of n alternate numbers linear in these elements. From 
this it immediately follows that if all the elements of a row are 
multiplied by the same number the determinant is multiplied by 
that number, and if all the elements of a row vanish the deter- 
minant vanishes. 

In future we shall write for a determinant of the n*" order 
whichever of the forms 

(Aj=^ a,,e,-t-a^+ ...+a,-.ej is most convenient. The letters i, k,j 
taking all the values 1, 2 ... ji. 

20. If the determinant is so constituted that the different 
factors of which it is composed do not contain all the units, its 

evaluation is frequently readily effected. 
For example, the determinant , 

, 0, 



.0 
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ia which all the elements above the leading diagonal vanish 
reduces to the product a^a^ ... a„. 

For it is equal to the product of the alternate numbers 



Since the first number contains e, , and e^ only, all tenns in the 
product of the remaining factors which contain e^ disappear when 
multiplied by this factor, so that as far as we are concerned we 
may suppose a„, a^, ... a„ to vanish. The second number reduces 
to a„«„ and the product of the first two to a„e,a„e,. We may 
shew in like manner that a^, a^, ... may vanish, and so on. Finally 
the product reduces to 

By an interchange of rows and columns it follows that the 
determinant for which all the elements below the leading diagonal 
vanish also reduces to its leading term. 

21. As another example let us consider the determinant 

0, C08((Ij + (lJ, cos{o, + Og) I 

cos(ffl, + aJ, 0, cos(a, + oj 

COS (a, + oj, cos (o, + a J, 



of order n: the element in the »"' row and j'"' column ia co8{o., + o^) 
unless i =j, when it vanishes. 



Substitute for the cosines their exponential values and write 
Then D is the product of such factors as 
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where 


£=a,€, + V.+ ■■■+«-«.. 






Thus if 


^.E^l = A. 


we see that 


(- 2}" D = n (2 cos 2a, . e, - ^,) 



[chap. I. 



Now obaerve that since the quantities A, depend only on the 
two alternate numbers E and F, the product of more than two of 
them must vanish. Hence expanding 

{— 2)*D=2"co8-2a, coa2a....coa2a.— 2°cos2o, ...co8 2(i S ' '"' * 

*■ ' 1 » ■ 1 . s; cos 2a, 



' ' -"4co82<«„ 


COS 2a, 


e,«,- e..,^.-«, - «.-. ("-^+^j 




.i + a.' = 2cos2«.. 




e,....A^^A..e....e^{'^-^)EF 




-(t'-i;)"-*'"'^"---"-'- 




(-D-D , „ , sin- {«,-».) 




O0.2o,cos2o,...cos2o, " cos 2«, COS 2o, 




(-«"■» .. ,,MVi»" (".-«.> 





cos 2a., . . . cos 2a, cob 2a, coa 2aj ' 

where (t^ k) are all dljads derived from 1, 2 .. 
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GENERAL PROPERTIES OF DETEBHINAin^. 

X 

1. If two columaa or rows of a determiiiEtiit be interchanged 
the resulting determinant is equal in value to the original, but of 
opposite sign. 

Let i) = II(a.ne, + ... + aye, + ... +a.„«j + ... +a„0. 
thea, if ZX is the determinant got by interchanging the /^ and 
^ columns, 

i/ = n (Oae^ + ... + o„e,+ ... +ffl(,e, + ... +o^O ; 
but since in addition we follow the ordinary commutative law, 1/ ■ 
is got from D by interchanging ej and e^ in tbe product on the 
right. This leaves the scalar factor unaltered but changes the 
sign of the product of the units, thus 

Interchanging two rows of a determinant, say the j* and 1^, is the 
same as interchanging the two factors A^ and A^ on the right : this 
is equivalent to an odd number of iBversiona, and hence by the 
rule of multiplication changes the sign of the product. 

z. If two rows or columns of a determinant be identical the 
determinant vanishes. For by the interchange of the two columns 
in question the determinant changes sign, but both columns being 
alike the determinant remains the same, thus 
D = ~D or i)=0. 

3. If each element of the i* row consist of the sum of two or 
more numbers the determinant splits up into the sum of two or 
s. D. 2 
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more detenniiiaDts haviog for elements of the i"^ row the separate 
terms of the elements of the i* row of the given determinant. 

For if D= UA^, 

and A^= («.,+ 6„)6. + K+ ij e, + ... + (o.„ + 6J e, 

== (a„e. + ... + a^e.) + {ft.,tf. + ... + 6^0 

= A', + B,; 

since J., ... A^... A^ = A^... {A\ + B^ ...A, 

= A^...A\...A, + A^...B,...A,, 
we have D = D^ + D^, 

where i), and 2), are determinants having for elements of the t* row 
in the ^ place o„ and 6^ respectively. 

Repeated applications of this reasoning shew that if the 
elements of the i* row consist each of the sum of ^ elements, then 
the original determinant can be resolved into the sum of p deter- 
minants having for their t^ rows the terms of the elements of the 
i* row of the given determinant 

The same theorem would apply if the elements of a column 
consisted of the sum of elements. In fact whenever a theorem 
applies to rows it applies equally to columns, as these can be inter- 
changed (i. 15]. 

In future, when a theorem is stated with regard either to rows 
or columns, it is to be understood as applying also to the other. 

V 

4, The value of a determinant is not altered if we add to the 
J elements of any row the corresponding elements of another row, 
each multiplied by the same constant factor. 

For if we add to the elements of the i* row those of the A'" row, 
each multiplied by p, the resulting determinant is 
A^...{Ai¥pA^...A^...A,=A^...A,...A^...A,-\-^A,...A^,..A^...A, 

=A,...A,...A,...A,, 
the latter product vanishing, since it contains two identical factors. 

For brevity the operation of adding corresponding elements of 
two rows is usually spoken of as adding the rows. 
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5. The theorem of the last article is of great importance in 
the reduction of determinants. The following are examples of 
its application: 

(i) If corresponding elements of two rows of a determinant 
have a constant ratio the determinant vanishes. For we have only 
to multiply the elements of one row by a proper factor and sub- 
tract them from the elements of the other when all the ele- 
ments in that row will vanish, and consequently the determinant 
vanishes. 

Of a similar nature are the two following theorems, whose proof 
presents no difficulty: 

(ii) If the ratio of the differences of correspondiog elements 
in the p"" and q"" rows to the difference of corresponding ele- 
ments in the r"' and a"' rows be constant, then the determinant 
vanishes. 

(iii) If from the corresponding elements of i + 1 rows we 
form the »* differences and from the corresponding elements of 
fl»+l rows the m"" differences (the second set of rows being at 
least partially different from the first set); then, if the ratio of 
corresponding differences is constant, the determinant vanishes. 

(iv) Let J 



Subtract each row from the one which follows it, beginning with 
the last but one. Then, if 



Hepeat the same operation, stopping short at the second row. 

2—2 
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A-X.A'-v,... A'-\ 
where generally : A'm, = A'"'«„., — A"w,. 

Suppose now tfiat w, is a function of degree 0, v, of degree 1, and 
80 on, then all the elements below the leading diagonal of B 



lish, and 






D = m,.Av,.AV, ...A""'(,. 


f example, if 


1.2...P • ""* ^■ 




m,, m, ... OT, 


= l.d.cP 




(m + dl, (m + d}, ...{m+d)^ 


-d'r^. 




(m + rd),, (m + rd), ... (m + rd) 




rhere A* (m + (d), = d*. 


6. In a determinant of the form 




0, 1, 1, 1 ... 






1. «... «... ^M - 






1, o„, a^, a^ ... 








1. «... «.,, «»- 





every element of which a„ is a type can be replaced by 

A„ = a„ + h, + k,, 
where A, and k, are arbitrary quantities, without altering the value 
of the determinant. 
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For multiply the first row by h^ and add it to the r"" row, then 
in this row the first element is still 1, while in place of a^ we have 
a,, + h^. Now multiply the first column by k, and add it to the «"" 
column; the element in the first row is still unchanged, while the 
element under discussion has become o„ + A, + k,. 

These transformations have lefl the value of the determinant 
unaltered. 

7. We are now in a position to solve the system of linear 
equations 

a„ x^ + a^^x^+ ,.. + a„ (c, = Wj, 



a,ia;, + o^ib, + ... + o_<c, = «, 
[or, as they may be more briefly written, 

o^ic, + a,fi!^ + . .. + u^a;, = u,(i= 1, 2., .n)]. 
We have 

a„a!^ + a„a!^ + ... + a^x, — 'u„ a„, a„...a^ 



for each element in the first column vanishes (l. 12). 

Since the elements of the first column of this determinant 
consist of n + 1 elements, it can be resolved into the sum of n + 1 
determinants. 

The first of these is 

|a„«i. «... «.. -ffli, =^,K\- 



. «... o^ — «« 
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While any of the others, such as 



[chap. II. 



On*.. 



vanishee, because the elements of the first columti are proportional 
to those of the t*" column. 



And in general x, is ohtaiaed by substituting in the determinant 
la^l for the elements of the i* column the quantities «,...«„ and 
dividing the resulting determinant by \a^\. 

8. If p rows of a determinant whose elements axe functions 
of x become identical when x = a, then the determinant is divi- 
sible by (a; — af~^. For, subtract any one of these rows from the 
remaining p — \ rows ; the determinant renjains unchanged, but 
now when x = a all the elements of these p—\ new rows vanish, 
hence each element divides by x — a, and thus dividing each of 
the p — \ rows by this &ctor ^e see that the determinant divides 

If when x = a the rows are not e 
the theorem ie still true. 



, but only proportional. 



Ex. The value of the determinant 

X, a a (n rows) 



a, a.... 

is {a; + (» — 1) a] (x — a)""'. 

For if a; = a the n rows all become identical, thus the deter- 
minant divides by Qo — a)""'. 
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Adding all the rows to the first, each element in that row 
hecomes x+(n-~l)a, this is therefore a factor in the determinant. 
Thus the determinant divides by 

This is of the same degree as the determinant, and as the co- 
efficient of x" in the determinant and in the product is unity the 
detenninaQt must be equal to the product. 
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CHAPTER HI. 



ON THE MINOBS AND ON THE EXPANSION OF A DETERMINANT. 



1. If from the n rows of the array 



we select any p rows, and then from the new array which these 
form select p columns, these when written in the form of a deter- 
minant constitute a minor of the given system. Such a minor is 
said to be of the p^ order. 

Since we can select p rows from n in 

n(n-l)...(n-p + l) __ 
1.2...P 

ways, and p columns from n columns in a like number of ways, it 
follows that the given system of order n has (n,)* minors of 
order p. 

2. If out of the n —p rows which remain after the above p 
have been selected'we take those n—p columns whose column 
suffixes are different from those selected in the minor of order p, 
we have another determinant of order n ~p said to be comple- 
mentary to that of order p. 
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1 — 4.] ON THE MINORS AND EXPANSION OF A DETEEMINANT. 25 

For example, ia the detenninant 



r- 



and 



• ««> ^V 



are complementary minora. 

3. If p = 1, i.e. if we take a single element, the complemen- 
tary minor is a determinant of order n — 1, which is called the 
complement of the element. This complement is obtained from 
the original determinant hy omitting the row and column in which 
the selected element stands. For example, the complement of the 
, which we denote hy j4„, is 




This is sometimes spoken of aB a first minor of the given 
determinant. In like manner the determinant formed by omit- 
ting p rows and p columns would be called a p* minor; it is 
to be observed that a '^ minor is a determinant of order n — p. 

4. We may extend the meaning of complementary minors as 
follows : From the array in Art. 1 select p rows and p columns, 
then from those that remain q rows and q columns, from those 
that remain r rows and r columns, and so on. With the elements 
in these selected rows and columns form determinants ; these will 
form a complementary system of minors if 



The number of ways in whi«h we c 



1 form such a system is 



Ipljir!..-! ■ 
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It is of course permiasible that one or more of the numbers 
p, q, r ... should be unity; the corresponding luiiior is then a 
single element For the determinant* 



«M' Ok 



' f^M 



form such a complementary system, and there are 3600 such 

systems. 

5. We have hitherto only considered the product of a set of 
alternate numbers equal in number to the number of units. Let 
us now consider the product 

(a„«, + a„e,+ ... +a„ej ... {a^e^ + a^^+ ... +o„eJ; 

this is equal to 

Sa,j,ffl„ ... a^e^e, ... e^, 

where p, q ... r consist of all combinations m at a time from 
1, 2 ... n, repetitions being allowed. 

First, if m > 7», we must have repetitions in every term of the 
sum, and hence (i. 16, Equation 2) the whole vanishea. 

If m = n, we have the case of l. 19, and the sum is the deter- 
minant j a„ I . 

But if wi<n, the sum is formed by taking for p, j ... r all 
m-ads from 1 , 2 . . . « and permutating the elements of each m-ad in 
all possible ways. 

Namely, the term 

is got by taking a^e^ from the first iactor of the product, a^e, from 
the second ..., and a^e, from the last factor. But we should still 
get the product of the units e^e, ... e„ though in a different order, 
if we take the p*^ term of some other factor than the first, the q*^ of 
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some other than the second, and so od. The term of the product 
which multiplies e,e, ... e^ is thus got from 

by permutating p, q ... r in all possible ways, aud giving to each 
term the sign corresponding to the number of inversions in its 
second suffixes, p,g ... r being considered the original order. The 
sum of these products is 



Hence the product of the m factors is equal to 



In like manner, if we take the remaining factors necessary to 
form the determinant |a„|, we have 



= S 



■■(2), 



I numbers selected from 



where m, v..,w is a combination of n - 
l,2...n. 

Now multiply the equation (2) by the equation (1) and ' 
obtain 

l«J-S((-i)'l «„, «„•■■<•„ |]«« »„,.l); 



where &om the nature of tbe alternate numbers e it follows 
that tbe two determinant factors under the summation sign are 
complementary minors, and v is the number of ii 

e^, . . . e^^e, . . . e, or in p, g ...r, u, v.. 
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This theorem, uaually called Laplace's theorem, givea the 
expansion of a determiaant in the form of a sum of products of 
complementary minors. 

It is assumed in the above that the complementary minors are 
formed from the first m and last n — m rows. Since by a suitable 
change of the order of the rows and sign of the determinant any 
m rows can be brought into the first m places, this is no real 
restriction. 



6. For examples we have 



K K K K 



= {12)(34) + (23){1*) + (31)(24) 
+ (3*) (12) + (14) (23) + (24) (31), 



d,, d,, d^, d, 
where for brevity 

(12) (3*) 
In like manner 



K> K' K h 



d,, rf... 



= (123)(45) + (142)(35)+(134)(25)+(243)(15) 
+ (125) (34) + (315) (24) + (235)'(14) 
+ (145) (23) +(425) (13) 
+ (345) (12), 



(123) (45) = 



c,, c,, c, 



7. If when the determinant is divided into two sets of m and 
M — wi rows there are n — m columns of zeros in the set of m rows, 
the determinant reduces to the product of the minor of the 
remaining m columns and ite complementary minor. 
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This is clear, for with the exception of thia single minor of 
order m all the others vanish because they contain at least one 
column of zero elements. 

If the Bet of m rows contains more than n — m columns of 
zeros the determinant vanishes. 



Thus, for example : 



d^i d^, d^, d^ 



». 


o„0. 


0, 


6, 


S„ 0, 


0, 


c„ 


c„ 0, 


0, 


d. 


d,.d. 


i. 



8. In Art. 5 we resolved a determinant into the sum of 
products of pairs of complementary minors. We can however 
resolve it into a sum of products of as many complementary minors 
as we please. 

For we can divide up the n factors whose product is \a^\ as 
follows: Take the first «, the second ti...,the last w. The product 
of the first u factors would be of the form 
% a , a 



.a^ 



e,e,. 



or 2D.e^, ...c,, 

p, g ... r being M numbers taken from 1, 2 ...n without repetition 

and -D, a minor of order u from the first u rows. 

In like manner the product of the next v factors would be 
SD/,e, ... e», 
D, being a minor of order v chosen from the v rows. 
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Lastly, the product of the w factors would be 
XI>je,e, ...e„ 
with a similar mearuDg for the quautities iuvolved. 

Now form the product of all the factors, taking care to keep 
them in their proper order, aod 

where D,, D„ ... D^ form a system of complementary minors of 
the determinant ja^l. 

The sign of the term is determined from the number of iurer- 
sions in 

p, q...r, f, g ...h, r,a...t 

9. If in Art. 5 we restrict the first product to the single 
factor 

a„e,+a^+...+a^e. (1), 

the second product becomes 

^^.£■ + ^^,4 ...+A^E, (2), 

where j4„ is the complement of a^ {Art. 3) and 
£^ = 6^6, ...e^jC,^, ...fi^. 

For we get a term of the product by leaving out each unit 
such as Bj in turn, i.e. by forming a determinant with the remain- 
ing n — 1 columns ; and since we previously omitted the i"* row of 
the given determinant, this determinant is J^. 

Now multiply the n — 1 factors which form (2) by the remun- 
ing factor (1); we obtain 

(-ir\aj = a^A„-a^^+ ... + {-ira^^+ .., 

For e^j = r,,.e, ... Vi^^^i-" ^^ 

= (-iy-\...e,={-ir, 

^j^k = if J 18 not equal to k. 

The Victor (— 1)*"' on the left is accounted for in the same 
way. 

Thus la„l = 2{-ira^,. 
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For example. 



^ii c,, c,, 
d,. d„ d„ 



«.. «.. «. 


-'< 


o,. <".. ". 


b„ b„ b. 




',. '.. ». 


d„ d„ d. 




d,. d.. d. 



d„ d„ rf. 



K. K. 6. 



10. In the final equation of Art. 9 A^ is got from la^l by 
erasiDg the i^ row and j* column and writing the remainder as a 
determinant. It is however more symmetrical, and sometimes 
convenient, to give to .d,, a different form obtained by a series of 
cyclical permutations of rows and columns. 

In Af, remove the first row by a series of interchanges to the 
last place, then move what is now the first row to the last place, 
and so on, until we arrive at what was the (i- l)*row, which we 
remove to the last place. This introduces (i — l)(n — 2) changes 
of sign. 



to the last jlace, and so Qa,j— 1 
igiL In all we have 



Now remove the first colui 
times, necessitating {j — l){n- 
introduced 

(i-l)(n-2) + {i-l)(n-2), or (i+i)ft 

changes of sign (an even number of changes being neglected). 
So that, if the new determinant is called A',,, we have 

and Idal = 'S.{—iy"'""^''a^A't,, 

where 
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For example, 



a,. Of, a, 
6,, 6.. K 



K^l 



■ "„ c. 
In future we shall always write 

|a(,| = 2o„.4„, 
and suppose that A^^ has its proper sign. 

11. We may arrange the complements of the elements of a 
determinant in another square array, and then the two arrays 

.4,, A^ 

(1) 

^« ^« 

are said to be reciprocal. 

If now a sum be formed by multiplying each element of a row 
of (1) by the corresponding element of a row of (2), and adding 
these products together, the sum is equal to the original deter- 
minant or zero, according aa the two rows have the same suffix or 
not. Namely, 

a^A^ + a„Aj,+ ... + a^A^=\a4 or 0, 
according as t is or is not equal to j. 

For if t is equal to j the sum on the left is the expansion of 
the determinant according to the elements of the i* row, but if t 
is not equal to_;' the sum on the left is what the expansion of the 
determinant would be, if its t* and f^ rows were identical, but if 
the elements of two rows are identical the determinant vanishes. 
In like manner, if we multiply the elements of a column of (1) by 
the corresponding elements of a column of (2), we get 

auA^ + a^A„+ ... + a^A^, 
and this sum is equal to {a„| or 0, according as i is or is not equal 
to J. 

12. If all the elements of a row vanish the determinant 
vanishes, as we see at once by expanding the determinant accord- 
ing to the elements of that row. If all but one vanish the 

Go.wlc 
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determinaiit reduces to the product of that element and its com- 
plemeikt; viz. if all the elements of the t^ row vanish except a^, 
then the determinaat reduces to a^A^. 

Thus for example, 



0, l!„ <«„. 
0, 0. »,■ 




-"„ 


0, 0, 0.. 


■•«« 





IS. The theorem of the precediDg article is of use in evaluat- 
ii^ a determinant by reducing it to one of lower order. If the 
determinant is not of the required form to begin with, it can 
sometimes be reduced to it We may exemplify this by finding 
the value of the determinant 



0, a, a. 


.a 


b. 0, a. 


.a 


b, b. 0. 


.a 


*. 6, 6. 


.0 



M, 

the sufGxes denoting the order of the determinant. The elements 
of the leading diagonal are zero, those to the right of it all equal 
to a, and those to the left all equal to b. 

S. D. 3 
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If we subtract eacb row &om the one which follows it, begin- 
ning with the last but one, 



-a, 0, 

6, —a, 



(r). 

The fiiBt csolomn contains only one element, hence 
l>,=s — J a, a, a, c 



b, —a, 
0. b, 
0, 0, 



(r-1). 



Regard the elements in the first row as 

o + O, 0+a, + a... 
then (n, 3) we can resolve the detenninant into the sum of two. 



6, -a 



0. 



0, 


a, a, a... 


s, 


-a, 0, 0... 


0, 


b.-a, 0... 



(r-1) 



C'-l)- 



In the first of these two determinants all the elements above 
the leading diagonal vanish, hence its value is (— 1)'^ 0"^', The 
second determinant is of the same form as that to which we first 
reduced D„ beoce 

This is an equation of differences with constant coefficients for 
i>,, its solution is 



a-b 



-(a--l'-). 
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14. In Art. 11 we saw how under certain circumBtances the order 
of a determinant might be reduced. Conversely we are enabled 
to increa^ the order of a determinant without altering its value, 
namely, hy bwniering it with a new row and column in one of 
which all the elements vanish except that common to the other. 
Thus 

0, 0, 



= (- 1)" 



where the quantities a;, y ... are any whatever. By adding on to 
these a new row and column we can raise the order of the deter- 
tninant to n -I- 2 and so on. 

16. In the determinant />= ia^ [, if w6 sUpposs only the 
element a^ to l-ary, since on expanding according to the elements 
of the t" row 

the onlyraribhle term on the right is the product a^, A^, we see at 
OQce that 

dD . 

dda 
If among the elements of A^ only a„ is variable, we see that 



da„ da^da^ ' 



Thus -J — J — a„a- is the sum o 
product a^a„. 

The differential coefficient 



f all terms in D which contfun the 



da„da„ 
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is the determinant obtfuned by erasing in D the i* and r* rows and 
tbe i* and a* columns, it is complementary to 

In like manner it is plain that 

da^da^ . . . da^^da^ , . . 

are complementary determinantfi if 

f.g-p. q- 



are each of them permutations of I, 2 ... n, le. if the product 

is a term of the determinant D. 

16. If all the elements of a determinant are functions of a 
variable t we see that 



If we denote differential coefficients with respect to £ by accents 
we have 

IT =~SA^a\ + XA^a'„+ ... 



a„, ffl„ ... a,, ■ 



■ I 



So that jy is the sum of n determinants obtained by substitutiDg 
for the elements of each column of D in succession their differen- 
tial coefficients with respect to t. 

An interesting example of this is to consider the differential 
coefficient of 

D= «. «'. u", ... « 
V. v\ i/', ... % 
w, v/, w", ... w 



accents denoting differential coefficients with respect to t. 
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Eacb of the first n — 1 determinantB obtuned by the pre- 
ceding rule vanishes because it has two columiiB alike, the last 
alone does not vanish, so that 



dB 
di- 


w, «' . 

1), «' . 






V, «/ . 


. «.'■-", v/' 



As another example take the determinaDt 
1, 1 ... 1 I 



.(.-"' 



dD.. 



Then — t-^ is got from i)_ hy substituting for the elements of the 

r* column 

0, 1, 2(„ St,' ... (•>-!)(,". 



Hence 



d"i). 



(n-l)*,""", (»-l)(,"- ... (n-l)c;. «."" 

17. We may use the theorems of Art. 11 of the present 
chapter to prove those of Arts. 3 and 4> of Chap. IL 

If each element of a row of a determinant is the sum of p 
terms, the determinant is equal to the sum of p determinants 
having for iheii elements the separate terms of the sum in 
question. 

For if Ott=p, + ?.+ ...+*.. 

Then | o„ [ =Sa„^„ 

= 'Sp^A^ + %q^A^^ + ... +'Zt,A^ 

-p+Q + .-. + r, 
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where P is the determinant obtaiDed from the given one by writing 
PiiPs"-P» for *^* elements of the i* row and Q ... T have similar 



The value of a determinant is not altered by adding to the 
elements of any row those of another row multiplied by a constant 
factor. For if to the elements of the i* row we add those of 
the j* row, each multiplied by p, the resulting determinant is 
equal to 



The last sum vanishing by Art. II, 

IS. If eaub element of a determinant consists of the sum of 
p terms, we could by continued application of the first theorem in 
Art. 17 reduce this determinant to a sum of determinants whose 
elements are all single terms. But a formula of expansion baa 
been given by Albeggiani which presents the result in a more 
suitable form for applications. 

Let '^o ™ "^(B + '^i» + ■■• +'^api 

so that each element in the determinant is the sum of p terms. 
Then each column of the determinant when written at full length 
would consist of p partial coturans whose suffixes are the third 
suffixes of the above elements. With these partial columns we 
can form p determinants, taking all the partial columns with the 
third suffix 1 to form the first, those with the third suffix 2 
to form the second, and so on. We shall denote these deter> 
minants by 

so that 



On.. ««. 



• «»« 



The first two suffixes tell us the row and column in which the 
element stands, the third the determinant to which it belongs. The 
original determinant is denoted by /?"', The index in brackets 
tells US the order of the determinant, 
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Id. We Bball find it necessary to employ the term comple- 
mentaiy minors in the following sense. From the elements of 
D"\ form a minor Uj'"* of order a by selecting a rows and columns. 
Then in D^"* select rows and columns, whose suffixes are 
different from those selected to form i),''', these form a determi- 
nant i),'^!, and so on until we take n- rows and columns from DJ^, 
to form a determinant D/'^ none of which have the same sufflz as 
any of the preceding. Then if 

o + j3 + 7 + ...+ir = n (1), 

A'*'' A*', A**' — i>,''' 

shall be called a series of complementary minors. Any one or 
more of the numbera a, j8 ...ir can be unity or zero. 

20. We shall now prove that 

where the meanings of the summation signs will be explained 
presently. For we have 

i?" = n (aaei + a^+ ... +a,,0> 
and if «o = «nA+<*oy«i + *- + "*««-' 

I>'> = n{u^ + u„ + ...+u^) (2). 

the product containing n factors. 

We shall obtain a term of the product on the right if we take 
a factors such as «„, /3 factors such as u^ ... n- factors such as u^, 
provided the equation (1) is satisfied. 

But from the definition of a determinant this product of 
factors is equal to a determinant of order n the first a of whose 
rows come from D/"", the next $ from i>,'"' , . . the last ir from D,*^. 
Expand this determinant in the sum of products of complemen- 
tary minors of order a, ^ ...it selecting the rows of the minors 
from the first a, the next fi ... the last ir, its value is then 
(Art. 8) 

with the notation of Art. 19, and the Bummation sign means that 
we are to take all the possible complementary minors. 
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This is only a single term in the expanBioQ of the product (2), 
the whole product is obtained by summing this for all values of 
a, ff ...IT which satisfy the equation (1). 

Thus iy-" = S22>,<")D,W) ...i),'-l (3).> 

21. The number of terujB in the sum 2 is 



Let us compare the expansion (3) with the expansion of the 
multinomial 

{D^ + D^ +... + !),)'. 
The general term is 

CD^'DB...!)/ (4), 

where a, fi .. 



T satisfy (1) and 



nl 



a!^! ... w-r 

Comparipg (3) and (4) we see that in expanding the determi- 
nant we replace C by 2, and a, ^ ...it are no longer exponents, but 
merely indicate the order of the determinant. 

Hence we may write symbolically for the expansion of our 
determinant 

(i). + i>,+ ...+i>,r, 

where in every term of the multinomial expansion we replace 
the coefficient by a summation sign, the number of terms in the 
sum being given by the multinomial coefficient and the exponents 
a, ... ir now indicating the orders of the complementary minors. 
Thus finally we have the symbolical equation 

22. X<et UB make use of this theorem to expand the deter- 
minant 



, Oy + * 






according to products of the quantities «,, *, ... *,. 
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Here we must write 

i„ 0... 
0, «,... 



Then by the above tbeorem 

= D<"> + SA'""'^,"' + Si),'"-"i) * + . . . + i),". 
Now clearly all minors of i),'"* vanish except those whose 
leading diagonal is part of the leading diagonal of D^'. 

Thus 

D^^ = z„ D,'»=v*"-A'^ = V. ■-■^■■ 
The corresponding minors /*,'""", D,*""" ... are got by erasing in 
D^ the i* row and column, the t"" and A"" rows and columns, &c. 

Thus 

z) = -d;" + s^^,'^" + 2v*^;-« + . . . + 2,8, ...... 

Or if we simply denote D^'^ by J),, 



If «,■=»,... = a, we get 






+ ... +2,«, ... ^„. 



Any determinant can be written in the form 



a^ ...0 + a„. 
We may now apply the tbeorem of Art. 22 by supposing 
A = 



»„, o., ... 
a, - a^. 
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Then 

" (M„ " " da^/ia,^ " " "" 

The general term hemg 

2a^„ ... a^,*"^'. 
Where B^"^^ ia the minor obtained from D, hy auppresBing 
the i*, *"■... r* rows and columns, m in number. 

It ia clear that B^"' is zero, for a term of D cannot contain n — 1 
terms from the leading diagonal only, if it doea it must contain m. 

Ex. If 

|0, o„| = (12), &c. 

I o„, I 
■we have 

+ o^„ (14) + a„(i„ (13) +(i„a„ (12) 

I «., - «M I + a„ (234) + <!„ (134) + «„ (124) + a„ (123) 

+ (1234). 
As another example we may find the value of the determinant 
c,, a, a, a ... a 
b, Cj, a, a ... a 
b, b, c„ a ... a 



b, b, b, b.. 

The general term in the expansion of this determinant ia 
Sc/;, ... c^,'"""', 
when c„ c^ ... c, are any m elements of the leading diagonal But 
by Art. 13 



D/-' = (-l)- 



a — b 



-J—). 



Whence it /(«) -(c,-«) (c,-a!) ...(e.-«), 

it ie clear that 

j__ a/(i.)-i/(a) 
a — 6 
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If we write down the similar determinant of order n + 1, for 
which C.+, = 0, after dividing both sides by ab, we get 



b, b 
1, 1 



C. 1 



If we suppose a "6, we get on evaluating the vanishing 
fraeliou m this latter determinant a detenninant expression for 

24. "We have seen how to expand a determinaDt according to 
the elements of a row or column. It is frequently useful to be 
able to expand a determinant according to the elements of a row 
and column. This is effected by means of the following theorem 
due to Oauchy, 

[ Oa ! = a„-^„ — ^(t^au^ai 
which expands a determinant according to the products of ele- 
ments standing in the r* row and s* column. 

il„ is the complement of o„ and .B„ is the complement of 
«„ in A^, and is therefore a second minor of the original deter- 
minant. 

For every term which does not contain a,, must contun some 
other element from the r^ row and some other element from the 
8^ column, and hence contains such a product as a^„, where iand 
k are different from r and s respectively. The aggregate of all 
terms which multiply a^ is A^^ ; now a^a„ differs from a„a„ by 
the interchange of the sufExes it and s, thus the aggregate of terms 
wbich multiplies a^a^ differs in sign only from that which multi- 
plies a^a^, that is to say, differs in sign only from the coefficient 
of a^. in A^^, Hence — B^ is the coefficient in question. 

23. This theorem is useful for expanding a determinant 
which has been bordered. For example by this theorem 



s the complement of a^ in | a„ | . 
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By the selection of a suitable bordering we are often able to 
evaluate a determinant by means of this theorem. 
For example, let 

D" a;,, a„ a,... 
o,, a,, a, ... 
a,, a,, w. ... 



all the elements in the i' column being a, except that in the i*^ 
row which is x,. 
Then by Art. 14 

I>= 1, 0, 0, , 

1, x^, a„ a, . 
I, a,. x„ a,. 



Multiply the first column by a,, and subtract it from the i^ 
column ; do this for each column, the value of the determinant is 
unaltered, and 

D = 1, — o,, — 1„ —Ob, 
1, a;, -a,, 0, 0, 

1, 0, fl',-o„ 0, 



Here the bordered determinant is 

x^-a„ 0, 

0, 0, <t.-ffl 



for which all first minors vanish except those of diagonal elements. 
Hence, in the theorem of this article, we must suppose i = k; if 



a theorem due to Sardi. 



Z1-/+SO./W, 
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CHAPTER IV. 

OH THE MULTIPLICAHOII OF DETERMINAMTS. 
F we have two arrays 

•«. ». - «, (1). K. *■■ - *. (2). 



and form a new set of elements c^ by louUipljiDg each element in 
the ** row of (1) by the corresponding element in the it* row of 
(2) and adding the products, these elements form a new square 
array of m* elements where 

This array is said to be compounded of the arrays (I) and (2). 

i. We shall now shew that the determinant | c^ | is equal to 
zero if the two arrays (1) and (2) are redundant {m>n); is equal 
to the product of the two determinants | Ou |, 1 6a [ if tn=n; and 
if the arrays are defective (m < n) is equal to the sum of the 
»^ products of determinants got by taking any m columns from 
(1) to form a determinant and multiplying it by the determinant 
of the corresponding m columns of (2). 



Let 


0, = Cae, + c„e,+ ...+c^e^. 


then 


Id -no. 


Now 


C.-(oai'„+o,S„+... + o.l,Je, 




+ (o„t„+o.i,+ ... + a.6Je, 




+ ... 




+ K*., + ».*..+ •■■+ ««*..) «. 




= o„B, + a„B, + ... + a«S., 
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where B^ = 6„C| + b^e^ + - . . + b^e^ 

form a system of alternate numlsers of the m" order. 

Thus I c„ 1 = n ia^,B^ + a„B^+ ... +a^B^. 

(i) If mi > 71 the product on the right v^shes, for on multi- 
plying it out, in each term some one of the ^'b is repeated and the 
product vanishes. 

(ii) If m = n since by 1. 17 the ffa follow the same law as 
the units e, 

|c„] = [o„|.nB, (j = l,2...n) 

-|«<»l.|fr«l- 
(iii) If m < n the product on the right is the sum of such 
terms as 



Uy,, 



, a^, a^ . 



B,Bn ... 



when p, q, r ... are m numbers t^en from 1, 2 ... n (m, 5). 
But 



B^B^,... 






6-,. h^. b^... 



e.e.e. ... «_. 



.1 = 2 



Ob.. «m. O* 



b^, b„. ft,, ... 
b^, b„, ft, ... 



I K. b^, b^ 

where for p, q, r.,.we are to write all possible m-adstTom the 
wQumbers 1,2 ...n. 

3, The second case of Art. 2 gives us the rule for tnulti- 
pljring two determinants. We see also that the product of two 
determinants of the m"* order is also a determinant of the n* 
order. Thus 

1 <^it ••• <*.. I I ^.1 ■■• b„ I I c,, .,, c,, I 



K, - 
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;„ [ by the correspond- 
or the elements of a 
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where the quantities c^ are given by 

Ctt = Ofl *« + a*! 6h + . . . + Ota6j»- 
But since in either, or both of the determinants | a„ | , j 6^ | we may 
interchange rows and columns without affecting their value, we see 
that the product of two determinants can be obtained in the form 
of a determinant in four different ways, viz. the element c^ has one 
of the four forms : 

aoha + Oa^i* + - ■ ■ + OM^ta.' 

On Ju + Oa^B + . . . + aj>^' 

Ouba + Claba + ■ ■ • + 0«ftrt. 

Oufc„ + o^bB +•••+ aj>t», 
where we multiply tbe elements of a row of 1 1 
ing elements of a row or column of | J^ | ; 
column of I Oj, I by the corresponding elements of a column or row 
of 1 6a I . There are really only two essentially distinct cases: 
multiplying by rows, when we multiply corresponding elements of 
two rows together; and multiplying by rows and columns, where 
we multiply the elements of a row by the corresponding elements 
of a column. 

i. We can only compound two arrays when they have the same 
number of rows and columns, but we can always form the product 
of two determinants, for by liL 14 the order of one of them can be 
increased until it is equal to that of the other without altering 
the value of the determinant So that the product of two 
determinants of orders n and m (n>m) is a determinant of 
order n. 

5. Examplea, Compounding the two systems 
we get the theorem 

1 "iPl + ^1 2l + ''l*'l» ^iPl + *1?1 + ''l*"! 1 

I "iP* + ^1 9i + "i^'ii <*tPt + ^«9* + "**"« I 

1**1' ^1 1 \Pt' ?1 I I**!) "l I I Pi' ^1 I I ^1' *1 I I ?!■ *'l| 

""!«». ft, I ' \Pt> ?il I"*!' 0. I ' IPl' ''t I !*•• ''•I' l?,> •'tl' 
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while if we compound the systems 
a., a, i 
ft,, b. 



we get 



ftiPi + ^iPi' fti?i + fti?«' fti*"! +*«*■« 
Again, the product of the two determinants 







o„ *„ «, 






P.. ?, 


r, 










o„ t„ c. 




P,. S. 


•-, 




'.. K '. 




P.. !. 


r. 


the determinant 






'*iPi + ^?i + ''i*'i' '*iPi + ^i?. + <=i''«. 


0,p, + 6,9, + c,r, 






'^li'l + *i?l+*'l''l' '^lPl + ^«?. +"!*■.' 


»,P. + *.?. + V. 




Hii] 


«.;>.+',?,+«.'•,. ".p.+'^.+v,. 


«.P. + '.?. + «,'•. 






«,. K. c„ d, 


■b.. ?, - 


«,. K «, 


i, 




P,. ffi. 0. 




«.. 6,. ",. d. 


Ift. 5. 


«„ t,, e. 


■i. 




Pv 1i< 0. 




<•„ J,. c„ d. 




».. ',. «. 


d. 




0, 0, 1, 




a„ b„ c„ d. 






flj. 


K '. 


"i. 




0. 0, 0, 


1 



(forming the product by rows and columns) 

a,ji,+ 6,p,, iiJi + fci^s. c,, d, 
".Pi + ^jPi' "i?i + ''i9'»> c,, d, 

Multiplying by rows we have 

I "' * 1 1 "''^1=1 oc + M, - (mT + fee' I 
I — ft', a' 1 1 — d', c' j ' I — h'c + a'd, b'tC + dc \ 
Now if a,h,c,d are the complex numbers 
a = a:-^iy h = u + iv 
o=p + iq d = r + is 



-j-i. 
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and a', b', c', (f their conjugates, a' = x— iy, &c. On multiplying 
out tbe three determinants we have Euler'a theorem concerning 
the product of two numbers each the sum of four squares, viz. 

Cic'+y' + w* + i'*)(p' + 9' + ^ + A 
= (jM! — qy + ru — bv)* + {py + qx + ru +*«)* 
+ (pw + jw — ra; - ay)* + (pv ~qu — ry-\- axf. 

6. We may compound an array with itself, thus if we com- 
pound the first array in Art. 1 with itself, the resulting determinant 
has for elements 

C„ = OflOa + la^lM + - ■ • + °ta"*« = V 

and 

|c„| = 2|a^, a^, o„...|« 



or the determinant is the sum of n„ squares. If then the elements 
a„ are all real the determinant | c^ { can only vanish when the 
determinant under the summation sign on the right vanishes for 
all values of p, qtr... 
Thus compounding 

«!, 6,, c, 

a.,, t,, c, 
with itself we see that 

I <''* + ^* ' + <>'• ® A + ^ A + "i". I 1*1' ^il* 1^1' cJ* [o,, c,|' 
I a^dj + fc,6, + c,c„ ffl,' + 6,* +c,* I I o,, 6,1 [6,, c, j jo,, c,|' 
or 

(a,* + 6,° + c,*) (a' + V + O - {a,a, + bj), + c,c,)' 

Again 

i,a, + 6,6, + c,c,, i^,a, + 6,6, + c,c, ! 

i,(i,+ 6,6j + c,c,, a,' +Jj' +c,' I 

7. Prof. Sylvester has shewn how, by the artifice of bordering 
the determinants as in in. 14, the product of two determinants of 
order n can be represented in n + 1 distinct forms. We shall 
illustrate this for the case n = 3. 

s. D. 4 
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• K 


c, 


■ 


o," +b,' +c," 


• K 


». 


= 


o,a, + J^ + c,c, 


, b. 


c. 




o,o, + 6A + c,c, 
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«..'. 


c, 





- 


»., 6. 


c. 







«.. *. 


', 







0, 





1 





The product of the two determinants 

o,, ft,, c, > p,, q,, 

o,, ft,, c, p^, 5,, 

U the determinant of order 3 : 

^iPi + K^i + c^r^, Oiyj + ftiffi+c,)-,, OiP, + ft,?, + Ci»*« 
*i,p, + ft^i 4-c,r,, a,p, + ft^, + c,r,, a J>, + 6,5, + c,r, 

fiat if before fonniog their product we write the detenmnaiits ii 
the respective forms 

J,, 0, ?■, 

Pi> ?•> ^' ^« 

Pu ?»> ^'i *■< 

1, 

their {ooduct by rows is the determinant of order 4 : 
i,Pi + h,q^, fflii', + ftiJ,, l^lPt + b^g,, c, 
i,p, + ft,Si, «,!', + ft,?,i <*iPi +&»?!. c, 
"iPi + ^l?!. "'iPa + ^^ti "^.+ &8?i. *'» 
*■! > '"t » *■» > 
Aguu writing the original determinants in the fc 
Pr, 0, 0, ff,, r, 
P». 0. 0, J,, r, 
P»t 0, 0, J,, r, 
1, 0, , 
0, 1, , 

their product ia now the determinant of order 5 : 

'^iPi' ^iPt' '^iPi' ^1' "1 

">?!' '^iPf "iPs' ^»> *i 

<^iPit o>Pt« «»?»» ^. til . 

3,, ft . ?. . 0, 

r. , r. , r, , 0, 



«1 


Kc, 


0, 




«, 


K-:. 


0, 




«. 


K". 


0, 







0, 


1, 







0, 


0, 1 
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WMle initiBg the determinants in the forms 



a,, 61, Ci, 0, 0, 

a,, 6„ c,, 0, 0, 

a,, b„ c„ 0, 0, 

0,0,0, 1, 0. 

0, 0, 0, 0, 1, 

0, 0, 0, 0, 0, 1 



1, 0, 0, , , 
0, 1, 0, , , 
0, 0, 1, , , 
0, 0, 0, Pi, y„ 
0, 0, 0, p„ ?„ 
0, 0, 0, p,, q„ 



their product ie the determinant of the sixth order 

o,, 6„ Ci, 0, 0, 

a,, 6„ c,, , , 

a,, b„ c„ , 0, 

, 0, 0, pi, q„ r, 

, , , p„ y,, r, 

. 0, 0, p:, q„ r. 

This rule is interesting as ^ving ms a complete scale wherehy 
we may represent the product of two determinants of order n b; a 
determinant of any order from » to 2n inclusive; it is also frequently 
useful in applications of the theory, 

8. The fundamental theorem of Art. 2 regardii^ the deter^ 
minant formed by compounding two arrays can be deduced as 
follows from Laplace's theorem, m. 5. 

We can write the determinant | c„ ] in the form of the deter- 
minMit of order (n + m), ni. 14. 





... , 0... 1 
where d, has the value ascribed to it in Art 1. 



4—2 
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column subtract the last n columns multiplied 
0-... then from the value of c„ it follows 



0. ,l„...6. 



In the determinant on the right multiply the first m colnmnA 
by — 1 and then move the second m tows to the beginning, then 
(after m + m* changes of sign) our detenninant is equal to 



».. 


• "m 


1 . 


. 





.. 


«,. 


■■»«. 


. 


. 1 





.. 





.. 


K ■ 


.*,. 


t^. 


■■K. 





.. 


6« 


••6_ 


s~., 


..6_ 


<»».,■ 


■ »-.,. 





.. 


1 


.. 


"■ . 


•• »~ 


. 


. 





.. 1 



Now expand this by Laplace's theorem according to mioors 
of the first m columns. Let us find the complement of the minor 



For this purpose we move the rows of a's having the suffixes 
/, g... up to the beginning; then move those columns of b'a which 
have the suffixes/, jr.,, into the (to + I)*, (m + S)"*... places. This 
does not alter the value or sign of the determinant, and in every 
place where a 1 stood before, will now again stand 1. Hence the 
required complement is 



K, 4„...0 
iV, i,...0 




K, K- 


10 
0...0 I 
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■Hence 

ICal — S|a/i, a^...\ . \i^,, \... 



when f, g... ifl an w-'Od from 1, 2...n. This agrees with our 
foimer result. 

9. The value of any minor of order ^ of the determinant 
|Cb|> the product of two deteirminants \aa\ and l&^l, 
say, C^" Cj,, c^...c^ 



can be expressed as the sum of products of corresponding minors 
of order /t of the determinants |aj,| and \b^\. 

For the elements of (7^ are got by compounding the two arrays 



And since these arrays have more columns than rows, it follows 
that C^ is the sum of n^ products of determinants of order ft, 
formed by selecting ft columns from the two arrays. Thus 
C^a-S a„, aj,...a^ b^, i,/..-6p, I 



when »,_;'. ..r is any ^-a<f from 1, 2,..n. 

One particular case of this we shall find presently of import- 
ance; namely, when the two systems a and b are identical, and 
when moreover f—p, g = q...k=s, so that the leading diagonal 
of C^ consists of elements from the leading diagonal of |Cq|, 

Then we see that 

C.-S a., a„... 



is a sum of n^ squares. 
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10. The differential coefficients of a determinant G, elements 
c^, irhicli is the product of two determinants A, B, elements a^, 
&B> can he represented as the sum of products of differential 
coefficients of these detenninants. 

We have AB = C (1), 

and Ctt = Oj,6„ + Oaiti+'-' + '^im^im- 

Differentiate (1) with regard to a^; remembering that Cq, c^-.-c^ 

are functions of this, we get 

j.dA dC, dC. , ^dC, 
rf««, dca, " dc^ ^ dcy, " 

Multiply this equation b; 

dB 

and add together all the equations which can be obtained from it 
by writing for^ the values 1, 2...?i. Thus we get 

■ j.^ dA dB _dC^ ^<*C?-*n ). 

^^d^-db^-dc-^^^^^^^-^d^^^"^''- 
■ But by m. 11 all the sums on the right vanish except XB^b^, 
which is equal to B, hence 

dC ^dA dB . , „ , 
dca da^ dh^ 
Similarly we can prove the equations, 

d^G _ 1 V d^A d*A , 1 o , 

^^j^-T:2^d^:;^-ds;;dh^^-^~^-^-"'' 

d^C 1 ^ d'A d^B 



dc^dc^dc„ 1,2,3 da^da^da^ ' db^dh^db^ 

(w, V, w = \, 2.,.n), 
whence the general law Is obvious. 



oy Google 



CHAPTER V. 

OS DETEBHINANTS OF COMFOCND SYSTEMS. 

1. If the elements of a determinant axe not simple quantities 
but themselves determinants, the determinant ia called a compound 
determinant. 

Compound determinants are usually formed from the minora 
of one or more determinants. 

2. The number of all possible minors of order m of a giveb 
determinant is [nj\* (ill. 1). We can fonn a square array with 
these minors, writing in the same row all those which proceed' 
from the Bame selection of rows of the given determinant, and 
similarly for the columns. 

If n.= ju and we give to the combinations of rows and columns 
taken to form minors the suffixes 1, 2 ... ^, we may denote that 
minor whose elements belong to the H'' combination of rows and j* 
combimttion of columns, by p^, and the whole s^tem of minors 
villbe 

«■ 

Pn--P^J 
Corresponding to each element in this array, which is a minor 
of the original determinant, we have a complementary minor of 
order n — m. We shall denote the complement of p^ by g^,, then 
these form a new array, 

?i. - ?!*. 1 

(2). 
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The arrays (1) and (2) are called reciprocal arrays of the m^ 
order. Minors of these arrays formed from the same selection of 
rows and columns in each are called coojugate minors. The 
simplest instance of two such arrays is the original system and 
its system of first minors, viz. 



a^ ... a„ A^ ... A^. 

3. If we multiply the elements of the i^ row of the array 
(1) by the corresponding elements of the i* row of (2) the sum 
of the products is equal to J. or zero according as i is or is not 
equal to k, viz. 

For if i is equal to k this is nothing else than the expansion 
of the given determinant A according to products of minors of 
order m and n — m by Laplace's theorem. If i ia not equal to k 
the sum represents the expansion of the determinant when the t*^ 
selection of rows is replaced by the A""; the rows of this deter- 
minant are not all different, hence it vanishes. The particular 
case 

aaAa + aaA^+ ... + a^A^, = A or 
according as « is or is not equal to i is considered in iii, 11. 

4. Let A = \a^\, B^lbJ 

be two determinanfe each of order n for which we have formed 
the systems of /t* elements discussed in Art. 2 ; the systems for the 
determinant,.! being denoted 'by p^, q^, those for the determinant 
S by p'a, 4a- 

We can form two new systems each of ^' elements as follows. 
In the determinant A replace each combination of the rows m at a 
time by the fixed selection of rows marked i in the determinuit 
S, this will give us ju determinants which we shall denote by 
fa> '»■■- ^- ^Q ^^ determinant ,S replace the fixed selection of 
rows marked h by each combination from A in turn; these deter- 
minants are called m„, w^, ... (/»„. We have then two new systems 



M,.«:,y Google 



.8 — 6.] OH DEi;£RMINAKT8 OF COMPOUND SYSTEMS. 

Then by Laplace's theorem we have the two sets of equations : 
■4 =J'»i9u +^»rf«+ ... B = p'»,?'« +/«?'».+ " ■ 

Whence by Art. 3, 

taP» + t„p„ + .:=p\A. 
*aPit + *aPn+ — =p'a^- 



And hence 

*D (P,i^'»+Pl,9'u+ -) + 'B(P«2'M+^n?'«+ •■■) + •■• 
or «n«i, + *«"», + ■■■=' ■^Cp'D?'B+i''a?'M + •■■)■ 

That is to say by compounding tbe i"" and k"" rows of the nev 
arrays tbe sum is AB or according as i is or is not equal to k. 

5. We now proceed to investigate properties of determinants 
of tbe elements of reciprocal systems, and first we shall examine 
the system of tbe first order. 

Let ^ = |aj, B~\AJ. 

Forming the product of these two, 

AD=.\CJ. 
■wbere C^ = a^A^ + a^A^ + , 

And bence C^^A oxO according as i is 
AD^ 



A. 


0, 


... 


0, 


A. 


... 


0, 


0, 


A... 



r is not equal to k. Tbna 



/. D^A'". 

6. Any minor of order p in tbe system A^ is equal to tbe 
mplementaiy minor of its conjugate in A multiplied by ^'~*. 
Let 



•I 
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and S±Aj,A^,..h6 two conjugate minors in the two systems 
each of order p, and let S i: c[„a„ ... be tlie complement of 
S iOytO^ ... So that 






= 2 ± <tjfia ■•■ '^m^t 



(!)■ 



We may write 2 ± a„a„ ... =co 2 ± (y^^ .-• 

Now we may write 2 + -Ay^A^ ... as the determinant of order n 

. A,...A^, A. 



which consists of four parts. The first square consists of the 
elements of 2 ± Aj,A,^,^. ; to the right of this is a rectangle of 
n—p columns and p rows containing the remaining elements of 
the/"", ^* ... rows. The rectangle on the left below of ^ columns 
and n—p rows consists solely of zeros, and the square on the right 
of n - p rows and columns contains I'e in the leading diagoDal and 
zeros elsewhere. Multiply this by the determinant A written in 
the form (1) above. Then (:ii. 11) we have 



At±A,A„...- 


A, . 
0, A. 


■«„. «„•■• 




0, . 
0, 0. 


. o., a, ... 



If we resolve the determinant on the right into products of 
minors of the first j> and last n—p columns, 



. % ±Aj^^...^A'-' cot ±a^^.. 
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From this it follows that the ratio of two minors of the same 
order of the system A^ is the same as the ratio of the comple- 
mentary minors of their conjugates. 

S + JfA^ ... ^ cot ± a^^ .. 



£±^«^„ 



coS + a„a^ .. 



A^...A„ -A" 


v..«. -v.,. 


A„...A_ 
A„.„-A„. . 


A-^' a„ ... «„ 


A„, -A^ 


<•„ - V 



The relation 










A,. 


A^ 1 =Aco] Oa 


"' 1 




A^, 


aJ \a. 


»„ 1 


may also be written 








dA 
da, 
in particular 


dA dA dA . 
■ da„-da. d^-^ 


d'A 
da^da„' 


dA 


dA 


dA dA 


.J 'I'A 


If^-0, weaee 


tbat 


A,.A,].I>, 
A., A J 
A, A, 





That is to say, if the determinant vaiuBhes, the minors of the 
elements of any row are proportional to the corresponding minors 
of the elements of any other row. 

8. As an example of the use of the method of Arts. 20 and 
21 of Chap. lU., let us discuss the value of the determinant 

Oj, and 6^ being elements of two determinants of the n* order 

A'^ = ]aJ. B^-'^lb^l. 
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Symbolically we can write 







.A-S-[%, 


I)- 




Now let A 


», B," 


je two determmante of order 


elementA are 












1 


dA" . 

-ST' ^• 


1 


dB" 




«.-2s 


-2« 


~diZ- 


then by Art. 6 












A' 


- 1 -I." 1 


1 
'A"' 






(4")- 




BO 




A"=i. 






Or, Bymbolically, 










A 


.4. A 


1 




TI1U8 


P= 


^■£"(>^,+ 


MX- 





But (X5, + fi-^y Ib the symbolical expression for a determi- 
nant of order n with binomial elements of the form 

Hence, passing from symbolic to real expressions, we have the 
determinant equation : 

1 ^» + t^,. I = I % 1 . I 6* 1 . I \e« + M* I ■ 

Numerous other transformations of the determinant on the 
left can be effected, 

9. N'ext let us consider reciprocal arrays of order m. (Art. 2.) 
Let A=|2,.|, 4--|?J. 

The product AA' ia a determinant of order /t whose general 
element is 

which is e<]ual to A or according as i is or is not equal to k. 
(Art. 3.) Hence in the product determinant all the elements 
vamsh except tiaose in the principal diagonal. 
Thus AA' =■ A". 
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It follows therefore that A is a divisor of Ai^. Now A ia a 
linear function of one of its elements, say a„, hence A caD only 
differ from a power of j4 by a coefficient independent of the 
elements of A. Among the combinations m at a time of the 
numbers 1, 2 ... n there are 

^-(•— lU. 

which contun 1. Hence there are \ elements of A, which contain 
a,j, such for example as jj„, p„ ... p^x- 

Hence A=xA^, 

vhere x does not depend on the elements of A. 

To determine the value of a;, let (i„ = except when i = k, and 
let dj, = 1. The same will be the case with the elements p^; 
.: A = l, A = l, and .-. x = l. 

Thus A = ^'»-i'™-i, 

and A' = ^t''-«- 

for ^_(„_1)__=(„-1)^. 

10. A minor of order r of the system q^^ is equal to the com- 
plement of its conjugate multiplied by A'~^. 

For if we multiply the determinant 2 ± j^^ •■•by the deter- 
minant A in the same manner aa we did in Art. 6 for systems of 
the first order, we get : 

AS ± 2^« ... ='A'cot±p^^ ...; 
•■■ 2 ± gj,q^ ... = A''''cot ±p^^ ... 
And in like manner 

2 ±PflP^ — =-4'-["-'J"CoS± 2^^ ... 

11. Let Ai^he & minor of A, with h rows and columns. From 
this let ns form the determinant whose elements are all the minors 
of order m of A^. These last are minors of order m of A, and are 
hence elements of A. On the other hand, those among them 
which arise from the same rows or columns of j4, and are hence in 
the same row or column of A, also arise from elements belonging 
to the same row or column of A^, which is a minor of A ; al- 
together they form a minor M of A, which ha£ A_ rows and 
columns. While by Art. 9 we have 
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wbicli gives a representation of the minors of A by means of 
powers of minors of ^. 

12. If in the determinant A we select a minor A^ of order h, 
and form all the minors of order m in A (m>i), which contain 
neither all the k rows nor all the h columns of A^, we shall form a 
minor of Awithn^ — (n— A),^»rows and columns, which is e<jual to 

where A^^ is the complement of A^ in A. 

Let US suppose that, as in Art. 11, we have formed the minor 
if in A' with (n - ^)^x "^ows and columus, which is equal to 

and let us consider the conjugate minor a, in A, i.e. that determi- 
nant whose elements are the complementary minors in A of the 
elemeota of M. 

From the law of formation of M this minor has for elements all 
the minors of A of order m, which have A^as a. minor. 

If a is the complement of a, in A, it follows from Art. 10 that 

o-Jlf.^'"""— -'"■*'-'• 
Substituting for M its value we have 

a'^JH'''-'.^'"""""'"""-"- 
The theorem is therefore proved, if we can shew that a is 
formed as prescribed. For this purpose we must remember that 
B, has for elements all minors of A which have A^ for one of their 
minors; to get a we have then to suppress among the combinations 
tn at a time of the rows and columns of j4 all those which contain 
all the rows or columns of A^ ; thus a has for its elements all the 
minors of A with m rows and columns, such that they do not 
contain all the k rows or columns of A^. 

13. Next let us consider the determinant of the system of 
elements tg, in Art. 4, calling this determinant T, so that 

Since 'a=i''o?»i+i>'rf»i+ ■•• » 
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it follows that T is the product of the two detenuinants 

that is, hy Art. 9, 

J'=4<''-«-. £(»-«— 1. 

The value of the determinant of the elements u^ is obtfuned by 
interchanging A and B, and at the same time writing n — m for 
m. Thus 

P'=^i«-»'™-i . 5*»-i)-.. 

14. The ratio of complementary minors of Tand Uia a power 
of A multiplied by a power of B. 



T,= \t,,...t^\,U^,= 



«n- 


■ *»t *I»+1 • 


.«. 


. 


.0, 1 . 


. 


0. 


. 0, . 


. 1 



we have by the theorem of Art. 4 

UT^= AB.a ... 0, w„^, 



0, 


AB 


.. 0, .„„ . 


■•» 


0, 
0, 






..AB,u^, . 
■■ 0, «„„.,. 


.»», 
■«««. 



0, ... 0, »„., .... 

which gives when we substitute for U 

^f^.A^.B^ 
where X, = (n - 1)^_, - ft, \={n-l)^-~h. 
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15. If the determinants A and B of Art. 4 had not heen of 
the same order we must have increased the order of one of them, 
as in IIL 14, until they were hoth of order n. We shall make use 
of this to investigate some further properties of the minors of A 
and compound determinants formed with them. 

16. If A^ is a minor of order h of A, and if we horder it 
in all possible ways with m of the remaiaing rows and columns of 
^,we get the elements of a new determinant If^ of order (n — A)_, 
whose value is 



«.. 


•■ il». 


0, 0. 


.0 


»n 


• •o», 


0, 0. 


.0 


Ou 


■• Ou. 


0, 0. 


. 


O.,,! 


■•»w». 


1, 0. 


.0 


«.m 


■■«u. 


0, 1. 


.0 


».. 


" a.rt. 


0, 0. 


. 1 



Now let us write A^ and A for A and B in the theorem of Art. 13 
and combine columns instead of rows (m is supposed less than k). 

Each combination m at a time of the first k columns of A will 
give a row of T, of which only a single element does not vanish; 
the value of that element is A^, and it will lie in the leading 
diagonal. The number of such rows is h^. Each combination m 
at a time of the columns of A taken from A — 1 of the first h 
columns, the last being replaced by one of the other columns, will 
give a row of T, in which, besides A„ elements of order h which 
have no influence, there will hen~h elements of order h + 1 which 
will be the minor A^, bordered with a row and column of A. 

The first A — 1 columns of this combination remaining fixed 
while the last varies among the last n — k columns of A, we shall 
get n — A analogous rows in T, which will give in the di^onal of 
T a square of elements consisting of A^ with the simple border. 
The same will be the case for each combination A — 1 at a time of 
the first h columns of A, and the determinant of elements with 
simple border will appear A^, times. Similarly we should have 
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the determinaDt of elements with a border of h rows and columns 
repeated k,^ times, and hence 

r= A^"' . M,'^-' . J/,*^-* . . . Mj' (1), 

while, by Art. 13, 

3'=^;"""".^'""""^' (2). 

Hence, if we admit the law, 

(which is true for ii;=l, for then M^= A^). Substituting for 
JIfj, Jlf, ... Jlf^,, the exponent of A^ ia 

^^+ {n-h-l),.h„_, + {n- h-l),.h^ + ... + {n ~h-l)^_^.k,; 
if we add (n — A— 1)„ to this, by a known property of binomial 
coeflScients it becomes (n - 1)^. 

Similarly the exponent of A is 
A^, + (n-A-lX.i4_,+ (n-A-]),.A,^,4... + (n-A-l)_,.A, 
= (n-lU-(7i-A-l>_. 
Thus from (1) and (2) 

17. Another way of stating the theorem of Art. 16 is the 
following : If A^ is a minor of order h of A, and we form all the 
minors of A with m rows and columns which have it as a minor, 
we get the elements of a new determinant of order (n—h),^, 
whose value is 

18, The particular case of wi= 1 ia so easily stated that it is 
of advantage to give it here. 

The elements of the new determinant are of the form 



(htu 



(i, k = l, 2...n-h}, 



and I c„ I =A,''-'-\A. 

This theorem and the theorem of Art 16 are due to Prof. 
Sylvester, the proo& here given are due to M. Picquet. 

S. D. 5 
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19. Another modification of tbe theorem of Art. 16 can be 
obtained as follows : Let us return td the determinanta A, A' of 
Art. 9, and form a determinant M^ with the minors of A,^ 
of order n~m; this ia a minor of A' of order (n — A),^. 
The conjugate minor in A has for elements those minors of A 
of order m compIemeDtary to those of M,, and hence all those 
which have A^ as a minor. This is precisely the determinant 
of Art. 17. Whence the theorem can be stated as follows : 
If A^^ is a minor of A of order n-k, and if we form a deter- 
minant JH"i with all the minors of order n—m of A^_^, and then 
replace each element by its complement in A, we get a new deter- 
minant, whose value is 

20. If now we form all minors of A of order n — m(m>h) 
such that neither all their rows nor all their columns belong to 
A^^, which in A therefore overlap ^4,^ or belong altc^ether to 
A^, these form a determinant if of order n„—(n— k)„_j, which 
is equal to 

First notice that this ia essentially different from the theorem of 
Art. 12, applied to A,,. There the determinant is formed with all 
the minors of the same order of A with more elements than A^, 
and which do not admit all the rows and columns of A^. Here 
the determinant is formed with minors of the same order of A 
with fewer elements than A^^, and which do not admit all the rows 
and columns A^_j,. 

To prove the theorem it ia sufficient to consider in A' the minor 
N complementary to at, in A or to 3f in A'. For N is exactly 
formed with regard to A^_^ as the enunciation prescribes ; it has 
7i„ — {n — A),_j rows, apply to it the theorem of Art. 10, 

or, replacing c, by its value, from Art 17, 
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CHAPTER VL 

DETEKMINANTS OF BPECLiL FORMS. 

1. When a square array is written down, it is natural to 
inquire what simplifications arise in the determinant of the array 
when special relations are supposed to exist between the elements. 
And looking at the figure the relations which naturally suggest 
themselves are those which depend on the geometrical form 
which the array assumes. Hence we have various forms of deter- 
minants obtained by supposing relationships, of equality or other- 
wise, to exist between elements situated symmetrically in the 
figure; this shews how the notation employed haa influenced the 
development of the theory. 

The most important of these special forms are symmetrical and 
skew symmetrical determinants. Here the special form of geo- 
metrical symmetry considered is with regard to the diagonal. 
Elements which are situated in regard to the diagonal in the 
position of a point and its image with respect to a mirror coin- 
ciding with the diagonal, have been called conjugate: two such 
elements are denoted by o„ and «„. 

2. If Oa = o„, the determinant is called symmetrical. 

The square of any determinant is a symmetrical determinant. 

For I a^\^='\c^ \ 

where c,^ = a,|(i„ + a^a^ + . , . 



It follows from this that every even power of a detenninant is 
a symmetrical determinant. 
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3. We may also suppose the determinant to be Bymmetrical 
with respect to the centre of the square formed by the elements of 
the determinant. 

Two cases arise, according as the determinant ia of even or odd 
order. 

First, if the order of the determinant is 2r, we may write it in 
the form : 

o,, 6,, c, ... m,, n,, r,, /t, ... 7,, /3,, a, 
a,, 6,, c, ... »!,, «.„ w,, fi, ... 7j, ^,, a^ 






1,1 «,t y,! Mr ••• y,y ^r> ^r 

',t v., n , m ... c„ 6 , a 



a,, j8,,7, ... /^, r,, n,, ffi,... c,, 6,, a, 
a,, ^„ 7i ... /*,, K,, »,, wi,... c,, J,, o, 

In this determinant add the last column to the first, the last 
but one to the second, the (r + 1)* to the r*, then it becomes 



«, + «,, K + ^t ■ 



1., + c,, f,, /i, ... /9,, a, 

(j + i-,, i-j, ^, ... /3,, a. 



a, + a,, 6, + j8, ... n^ + y,, v„ /*, ... ^„ a, 
a^ + o,., 6,+^, ... n^ + v^, n„m,... 6,, w. 



**» + *!» &t + (8i -■■ "1 + ",. "1. Ml,... 6,, o, 
a, + a!i, 6j + ;3, ... nj + K,, «,, to,.., 6^ a^ 

Now subtract the first row from the last, the second from the 
last but one, the r* from the (r + 1}', then 



(i, + ii„ s, + ft . 
«,+ =,, 6, + ft . 




• ft . «, 
■ ft . », 


«, + «,, 6^ + ft . 
0, . 


. 0, n,-i.„ m,-,.,. 


• ft , «, 
.i,-ft, o,-a. 


0, . 
0. . 


. 0, n,-„„i,,-i^. 
0, n, — w,, m, — /*, . 


■s.-ft, «,-«, 

■'.-ft. «.-«. 
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ce (ill. 7), 



But if the order of the detemuDant is 2r + 1, it may be written 
in the form 





■ "1, «,, f. 


• A. «. 

•■ ft. «■ 


«., I. ■ 




.. A, «, 
.. »„ r, 
.. K, o. 



Oj, /9, ... v,, «p »j ... 6,, o. 
By proceeding exactly as in the former case, we can shew 
at 

D= a, + a, ... ttj + r,, 



So that when a determinant is symmetrical with respect to the 
centre of the square formed by its elements, it reduces to the 
product of two other determinants. 

4. If in a determinant the conjugate elements are equal in 
magnitude but opposite in sign, i.e. if 

a„ = — ctj,, • 

the determinant is called a skew detenninant. If, moreover, 

o„ = 0, 
the determinant is called a skew symmetrical determinant. 

5, It will be useful to notice the connexion between two 
minors of these systems, such that the rows and columns sup- 
pressed to obtain the one minor correspond to the columns and 
rows suppressed to obtain the other. Two such minors may be 

a by 

P = I a^, a„ ... I, Q = I Oj>. t^jv ■■■I 
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6. If the determinant is symmetrical, 
i.e. if Oii=o„, 

clearly P = Q. 

A special case of thi3 is, that in a symmetrical determinant 
^« = ^«. 
' for Ag, is got by suppressing the i"" row and k^ column, while 
■^u ^^ S*** ^y suppressing the h^ row and i* column, thus these 
determinants are of the same nature aa P tind Q, and are therefore 
equal. Thus the determinant of the reciprocal system is also 
symmetrical. If A is the determinant of the system 



= A^ + A, 



In a symmetrical determinant A^ and the like are still sym- 
metrical determinants. 

7. If in Art. 5 <^a = — '^u. 

we see that 

P = |a=/.'a.. -I a,^, ^a„ ...|=(-irQ, 



m being the order of the 



Thus if m is even 

P-Q. 



but if m is odd 

8. The calculation of skew determinants reduces to that of 
skew symmetrical determinants, which we shall therefore now 
consider. A skew symmetrical determinant of odd order vanishes, 
for if we multiply each row by— 1, since aji=— Oh, this changes 
the rows into columns, which does not alter the value of the deter- 
minant. 

Hence, if n be its order. 



and hence ,4 = if ra is odd. 
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The tniDOT A^ differs from A^ by the sign of every element ; 
hence 

Thu8 4„ = jluif nia odd, but = - J„ if « ia even. 

Thua the reciprocal system is skew if ji ia even, but symmetri- 
cal if 11 is odd. 

^„ is a skew symmetrical determinant of order Jt — 1, and 
hence vanishes if n is even. 



dA , , da^ 

^A^-A„ 

= 2j1„ if n is even 

= if n is odd. 

9. A skew symmetrical determinant of even order is a com- 
plete square. 

For if A= \a^\ 

is the determinant, since A^^ is a skew symmetrical determinant of 
odd order it vanishes. Hence (v. 7), if «„ is the complement 
of a„ in j4„, 

since a.^=au i-^'^- ^)- 

Now by (m, 24) if we expand according to products of elements 
in the first row and first column, since A^^ = 

A = — %a^fl.^n^, 
where i, h take the values 2, 3 ...» ; 
or A = '%a„au,Ja^aa 

Thus A is the square of a linear function of the elements of a 
row. Now a,, is a determinant of order n — 2, whicli is even if n 
is even. Thus a skew symmetrical determinant of order n will 
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be the square of a rational function of its elements if one of 
order n — 2 is ao. But when n = 2, 



Thus skew symmetrical determinants of orders 4, Q...2r axe 
squares of rational functions of their elements. 

' 10. Since if n = 2 the square root contains one term, when 
n = 4 the square root will contain 3, when n = 6 it will contain' 
5 . 3 terms, and ao on. Hence a skew symmetrical determinant of 
even order n is the square of an aggregate of 

1.3. 5.. .71-1 
terms, each consisting of the product of Jn terms of A. 
In particular OuOjc.-a^,, is a term oi J A, for 

(a„a„ ... vJ'= (- l)'«ii»M — a».i,«>.'^*. — "«-i- 
11. This function J^ is of importance in analysis, and has 
been called a PfafBan by Prof Cayley on account of the use made 
of it by Jacobi in his discussion of Pfafif 's problem. 

That value of J A which contains OafflM---fl„_i„ as first term 
with positive sign will be denoted by 

i'=[l,2...«). 
The remaining terms of P are got from the first term, 

by interchanging all the sufSxes 2, 3 ... « in all possible ways, and 
giving a sign corresponding to the number of inversions. Since 
Ca = — Oh it is possible to effect the interchange in such a way that 
all the terms are positive. 

The Pfaffian changes sign on interchanging only two suffixes 
i £ind k. For if we interchange i and k in the determinant, this 
interchanges the i""" and i" rows as well as the t^ and k'^ columns, 
thus the value of the determinant remains unchanged. If P, is 
the new value of P, 

P,' = P'. 

Hence P, = ±P. 
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To determine which sign we are to take, let us consider the ag^e- 
gate of terms a^Pa which contain <Zo,- Then^„ only contains terms 
whose suffices are independent of i and k. The corresponding 
aggregate for P, is 

which, in consequence of the relation a^= — aa, proves that 
P, = - P. 

12. The minor a„ is also a skew symmetrical determinant. 
We diall shew that 

J^ = (~iy[2....i~l.i + l,...n]. 
or with » — 2 cyclical interchanges 

J^„ = [i+l,...n,2...i-l]. 
Since '^it' = ^a'^ai 

it follows that the terms of the product Jau./a^ are either equal 
to those of «„, or equal with opposite signs. 
Now the product 

(-1)'"[2 ... i-l, i+ 1 ...n] [2...k-l.k+l ... n] 
and the determinant 

21-1' awi >. I ' 






by the si 
ively 



e number of interchanges of two suffixes, become respect- 



[k.p. q, r, s ... u, v] [p, q, r, i 



<ht' V" 



'■J 



And the term 
of the product agrees in sign with the iirst term of the determinant 
whence the theorem follows. 
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19. Since we have shewn in Art. 9 that 

it follows that 

[l,2...«] = a„[3...M] + o^[4...n,2] + ...+a,J2...n-l]; 
a relation which enables us to determine Pfaffians of order n from 
those of order n — 2. 

Observe that after we have selected the suffix 1, the others are 
written cyclically. Hence 
[1.2] = a., 
[1, 2, 3, 4] = a„a^ + a,^a^ + a„a„ 
[1, 2, 3, 4, 5, 6] = a^ [3, 4, 5, 6] + o„ [4, 5, 6, 2] + a,, [5, 6, 2, 3] 
+ a„ [6, 2, 3, 4] + a„ [2, 3, 4, 5] 

+ a^a^a^ + a^a„a^ + <^,3<^^<i„ 
+ a„aj,o^ + a,^a^a^ + a^^a^ag^ 
+ a^a^a^ + a^a^a^ + a^^a^a^ 
+ a,.a^a + a a a + a,M^a„. 



In particular 



0, 
— a. 



a. 


-6, s 


0, 


/. « 


/. 


0, d 




-d. 



■■{ad->rbe-\- off. 



14 In a skew symmetrical determinant of even order, A^ 
vanishes, being a skew symmetrical determinant of odd order. 
But (Art. 8), 



Now 



.[i,2...»]^;J-[i,2...«j 



■ (-l)")a„[2...<-l,i + l...n]+... 
+ ».(-ir'[l. 2... .- 1,1 + 1. ..t-1 * + !...»] + ...); 
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hence ^„<= {- 1)"* [1, 2 ... n] {ik], 

where [ik] is the Pfaffian got hy omitting i and k in [1, 2 ... n]. 

15. In a skew symmetrical determinant of odd order j4„ is a 
skew symmetrical determinant of even order, and is hence the 
sqoare of a F&ffian ; 

viz. A^^[l...i-l,i+l...ny, 

^A,= (-l)'-'[l...i~l,i+l...n] 
= [i+l...n, l...i-ll 
Also, since A ==0, 

Hence J„ = [i + 1 ...n, 1 ... i- 1] [&+ 1 ... n, l...k-l]. 

16. The result of bordering a skew symmetrical determinant 
is also of interest. The result assumes different fonns accord- 
ing as the determinant which we border is of odd or even order. 

Let the original Bkew symmetrical determinant be 

^ - 1 «. I. 

and let the bordered determinant he 

■^— O'Bfi, Oil, (taai O'n ■■• 
a^g, a^„ ct,j, a„ ... 
a^. %. (t^, a„ ... ■ 
a^, c[j|, djj, a^ ... 



By Cauchy's theorem {ill. 24) 

D = a^A —Xa^ot^A^. 
Now, if .^ is of odd order it vanishes, and 

A^=\i + l...n, l...i-l][A; + l...n, l...£-l]; 
hence, if we suppose that afii = ~aig, 

^ = 2«„a^[i+1...7i, 1 ...i-l][fc+l .. n, l...fc-l] 
-Ca.,[2,3...«] + ...)(a«,[2,3...«] + ..0 
= [a,l,2...«][^,l,2...«], 
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where in the Ffaffians such expressions as ce^ a^ which do not 
occur in the determinant are supposed to mean —a^, —a.ip- 

But if ^ is of even order, 
D=a^[\, 2 ...«]*+ Sa^ap* (- 1)"* [ik\ [1, 2 ... n] (Ait. I*) 
= [1, 2...n][a,y3,l. 2...n]. 

17. We have hitherto treated of skew symmetrical determi- 
nants: it is easy to reduce to these the calculatioD of skew deter- 
minants. Namely, by III. 23, 

U ^ D + 1a^D, + %a^a^D^+ ... + a^a„... a„, 

where i)ia what becomes when all the diagonal elements vanish. 
Dj is what the coefficient of a^ in U becomes when the diagonal 
elements vanish ; D^ the coefficient of a^ a„ in If with the elements 
in the leading diagonal zeros, and so on. 

IF all the elements in the leading dit^ooal are equal to x we 
can write this 

I>'=ar + a:"-'SD, + x-'2D,+ ...+a;"-~Xi)„+... 

Where D^ is a minor of order m got by suppressing n — fn, rows 
and columns which meet in a diagonal element, the other diagonal 
elements being put zero, the summation extends to all m-ads in n. 

If m ie odd, D^ vanishes, and if m is even it is a complete 
square. 

Thus, the elements being skew. 






= a:* + ic* (o*|j + a',j + o'„ + o% + a'„ + o.'^) 



18. We can apply this last theorem to prove Euler's theorem 
concerning the product of two numbers, each of which is the sum 
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of four squares. Namely, we have 



= (a* + 6' + c" + rf")'. 



Hp' + q'+r'+sy. 



Now multiply these two determmants hy rows, then if we 
write 

A = ap + bq + er + ds, B = — aq+bp — C3 + dr, 

C = --ar + hs + cp-dq, D = — a3~br+cq + dp, 
we get a skew determinant of the same form as the other two, 
whose value is 

(A' + ff+C + Liy. 
whence 

{a» + 6* + c' + (f)(p* + 5' + r* + «') = A* + £* + 0'+Z)*. 
If we were to e£Fect the multiphcation by rows and columne we 
should get another form of the same theorem; hy permutating the 
rows and coltimns we get stiU further representations of the way 
in which the product of two numbers, each of which is the sum of 
four squares, can he represented as the sum of four squares. The 
total number of different ways is 48. The product of n numbers, 
each of which consists of the sum of four squares, can he repre- 
sented as the sum of four squares in 48""' different waya 

19. We have seen that the square of any determinant is a 
symmetrical determinant (Art. 2). , Cayley and Brioschi have 
shewn independently that the square of a determinant of even 
order can he represented by a skew symmetrical determinant of 
even order. 

The process of the latter is as follows : We have 
A = 



^1. 



■ ■ ■ "•-' 
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Multiply these two equal detennioants together by rows, and we 
ohtaiu: 

A'= 0, l„, l^,...l,^ I 



where 

then /„ = 0, /„ + 1,^ = 0. 

Thus A' is represented as a skew symmetrical determinant. 
It follows that A can be represented as a Pfaffiao of the functions /. 
If re 5= 4i, for example, 

I a,, ... a,, \ = LL + LL + l,J~. 



The sign is determined by making the sign of a single term in the 
determinant and PfafBan agree. 

If instead of interchanging columns, we interchanged rows, we 
should get another independent representation of the determinant 
as a Ffaffian. 

20. A third class of determinants are those of the form 
D = 



"i 


»,. 


', 


.. (I. 


«.. 


«•• 


a. 


.. a^, 


«■ 


«.. 


«. 


■• «.« 


«. 


»« 


.».« 


■■".^ 



where all the elements in a line at right angles to the leading 
diagonal are the same. If the elements had been written with 
double suffixes we should have bad the relation 

Such determinants have been called orthosymmetrical. Their 
most important property is that we can replace the elements by 
differences of a,. 



izecoy Google 



19—21.] DETERMINANTS OF SPECIAL FOEMS. 79 

For if we operate on the rows as we did in Chap. II. 5 (iv), if 



ow repeat the same series of operations on the columns, 
ning at the last, then 



A"-'a„ A" 

An important example of this class of determinants is that 
where a^ is a function of k of the m"" degree in k, whose highest 
tenn has coefficient unity, the quantities a,, «,.,. form an arith- 
metic series of the tn"' order. If m = Ji — 1 all the elements 
below the second diagonal vanish, while all those in it are equal 
to (n — 1) I, whence the value of the determinant is 

(-i)'^i(»-i)!r. 

If m is less than m — 1 the determinant vanishes. 
21. The determinant of order t + 1. 



(m+l)„ (m+1)^,, (m+l)^ 
(m + 2)„ (to +2)^,, (m+2)^ 






— (»+'■)„ 



though not orthog^mmetrical, is of a Bimilar nature ; let ua call it 
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Divide its first row by m, the second by m + I, ...ite (r + l)*by 
m + r. Then multiply the first column by p, the second byp+ 1,,.. 



thelaatbyj) + r. Then 






«(ro + l) ... (m + r),. 






-' p(p + l)... (y+r) ■■ 




(m-l)„, (»-l). 


... (m 


-!)„,-, 


"Vi- '"f 


...«„ 


" 



1 (m + r-1)^., (m+r-1), ... {m + r-l}^ 
or, if we multiply numerator and denominator of the fraction by 

-'"(?> + >■)„,-'■"■ 
Thus we ohtain a series of equations by giving to m and p 
different values in tliis 

(ro+r-lU 
— ■" (j> + >--I)„, —■'- 



■*'■■ ('■ + 1U 

Now >V», , is the value of the last determinant in II. 5, when we 
write m — p for m and 1 for d. Hence its value is unity, which 
gives, when we multiply the above equations together and cancel 
like factors, 

= ("t + ^L.(w + r-l)^ , -^^(mj- r- p+l),^ , 

Another expression can be obtained for the determinant by 
dividing the first row by m,, the second by (m + l),, ...the last by 
(m + r)j,, Then multiply the first column by p^, the second by 
{p + 1),, the last by (j» + r),; the transformation gives 

"■' p,(j) + l)p{i) + 2),... (p + rj, 

A remarkable special case of the first form is when p = 1 , the value 
of the determinant being (m + t)^„ i.e. the last element in its lead- 
ing diagonal. 
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22. If in the detenaioaiit of Art. 20 



, . t . V (c + k + m)(c+k-t-m-l)...(c+k+l) 

a^i = {c + k + m)^= ^ 2...m ' 

then if 7» = n— 1, A""'ai = 1, and we have 

(c + M-1)^,, {c + n)^^ ...(c + 2n-2)^, 

(c + n),«. (c + n + l)_, ...{c + 2n-l)^, 

(c + 2n - 2)^, , (c + 2n - 1)^, . . . (c + 3n - 3)^, 
23. Another class of determinants are those of the form 
D = 



where the element in the leading diagonal is always a,, and the 
rest of the row Is filled up with a, ... a_ in cyclical order. 

The peculiar property of this determinant is that it divides hy 
o, + a,fl) + a, tt>* + . . . + o, <u"^, 
where ai is a root of the equation a^=:\. 

For if Ai, A^... A^ are the complements of the elements of 
the first row of this determinant we have (ill. II) 
a^A, + (i,Aj + . . . + a,A^ = D 
a,.<i, + o,j4,+ ... +a^A^ =0 



<!)■ 



a,jl_+a,jl, + ... +%A^^=0 
Now consider the product 

(a, + (i,i» + a,o>* + ... + a.w""') {A, + A^to-' + A,ar* + ... + A^eT**'). 
The coeflBcient of w*"' is 

A^a^ + A^a^, + ... +A^a^^. 
If k is equal to unity this is equal to D, by the first of equations 
(I), but if i is not unity it vanishes hy one of the other equations. 
Thus D divides hy 
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Hence 

i) = (a, + a, . . . + a J n (o, + a,i» + «,«* + . . . + o. m""), 
There &> is one of the roots of the equation «* — 1 = 0, unity 
excepted. 

24, Another elegant demonstration of the theorem of the 
preceding article is the following. If 0,, &>, ... &>, are the n roots 
of unity let 



Then if we write 

and remember that w"= 1, 



SP = 






whence i) = ^ (w,) ^ {«,) . . . ^ (w J. 

25. Mr Qlaisher has shewn that a determinant, auch as that 
in Art. 23, of order 2a, can be expressed as a similar determinant 
of order n. Namely 






A„ A, . 



o, ... Oj 

j4,= o, o, — «t, o, + ii„^i tij ... — aja^. 
.ii,= Oj o, — o, o, + a, Oj ... — o, a« 
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For the first determinant 

= n (o, + a,w + «,<!>' + . . . + a^m*""'), 

a beiDg a 2ti^ root of unity ; and since for every root oi there is a 
root — o), this 

which product is equal to the second determinant. For the 2n'' 
roots of unity being denoted by +1, ± «,, ± w, ... + w^,, the n* 
roots of unity are 1, w*, a* ... o>^*. 

For example if n = 2 



o, b, c, d ] 

d, a, b, c 

c, d, a, b\ 

b, c, d, a \ 






where 



A^a' + if-ibd, 
B = ~b*-^ + 2ac, 
and the value of the determinant is 

a* - 6* + c* - d* - 2aV + 26V - ia^bd + ib'ac ~ iifbd + id'ac. 

26. If in the determinant of Art. 23 we suppose 



' (r-l)!^(n + r-l)r (2ii + r-lJ! 
D - e'n (a, + c^M + a,®* + . . . + «,«""') 



27. Determinants whose elements are binomial coefficients 
have been discussed with great minuteness by v. Zeipel, who has 
given an immense number of theorems relating to this class of 
determinants. One or two of these we shall now consider. 
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The value of the determinant 
in., n, pm,, gm, 

(m+lX.n+l.(p+l)(m+l),.{j+I)(m+l).. 

(m+2)„n + 2,(p+%)(m+2\, (g + 2) (m + 2), . 
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.((+2)Cm+2V 



ia (m — n)(m— p — 1) (m — g— 2) ... (mT-i— A+ 1). 

We must first shew that the detemimaiit vanishes when m is equal 
to any one of the quantities 

n, p + 1, q + 2 ... t+k-1. 

First let m = n, then the determinant is 



(m+l)., m+l, (p + l)(m + l)„ 



2+l)(«.+l),., 



i (m + %m + fe (p + /:){m + A)„ < j + it) (m + i), . 

IF we subtract the second column, multiplied by p, from the third 
we see that the determinant is independent of p. Do this, and 
divide the first row by m, the second by ni + 1, the third by 
m + 2 ..., then multiply the first column by k, the fourth by 2, the 
fifth by 3 ,.., then the determinant reduces to the product of 







m(m + l)(». + 2). 


.(« + «:) 






1.2... J; 






and the determinant 






(»-i). 




1; 0, 5(m-l)., 


r(m- 


1), 


"V,. 




1, 1, (j + l)m„ 


(■• + 1) 


«., 


(m + h- 


1)^ 


.1,1, (} + *)(« + *- 


1)., (.r+h) 


(m + t-1),... 



Multiply the second column by g (m — 1),, the third by 

g (wi — 1)„ + 1 . m^, 

and subtract their sum from the fourth column, and we get the new 
determinant ... 
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1, 0, 0, r(m-l), 
1, 1, 0, (r + l)m, 
1, 2, 1, (r + 2){m+l). 



(m-J-ft-l)„, 1, ifc„ fc„ (r + it)(m + fc-l),... 

In this deteTminatit multiply the second column by r (m— 1),, the 
third by rC»»-l), + l.in,, the fourth by r(m-l), + 2.i7i,, and 
subtract the sum of their elements so multiplied from the elements 
of the fifth column, and proceed in a similar way with the altered 
determinant. Finally we reduce the determinant to the product of 
a finite number of factors and 



{«-l)^, 1, 0, 0... 0, 
m^„ 1, 1. 0...0, 

(m + lV„ 1, 2, 1 ...0, 

(m+fc-1)^,, 1, *,, \...k^, 



In this determinant multiply the second column by {m~\)^^, 
the third by {m — 1)^^, the fourth by (m — 1)„, &c,, and subtract 
their sum from the elements of the first column, then each element 
of the first column, and consequently the determinant vanishes. 
Hence our determinant divides by m — n. Similarly we can 
shew that it divides by each of the other factors, hence it is 
equal to 

C{m-n){m-p-V){m-q-'2)...{m.-t-k + l). 



To find the value of G put 

n=p=q= 
then we get 



= *=0; 



m^ 



1, (m+l)„ (m + l), .. 

2, 2(m+2)„ 2(m + 2),.. 

3, 3(m + S)„ 3(m + S),.. 



Gm(m-l)...(m.-k+l). 
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But the determinant = ^ I as we 
determinant of ll. 5. Hence 

C = l 
thus the theorem is proved. 

28. The determinant 
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by putting d = 1 in the last 



5»ViJ *"»»• 



{m + l\, n + 1, (p+l)(m + lX («+l)(m + l)^, 

(rn + iX, n + A, (p + A) (m + A), (M + ifc)(m + A)„ 

(m+r)„ n + r, {p+r)(m+r), (u + r) (m+r)^, 

is equal to the product of 



and 



<fc + !)(& + 2 



(m + 1)., n + 1, {p + l)(m + l), ... C9 + l)(m + l)^, 



(1). 



(m+fc)^, n + A, (j> + A)Cm + fc), ... {q + k){m,-\-k)^^ 

That is to say, is independent of the r — k quantities «,...«. 

To this determinant apply the operations of n. 5. iv. Then 
in place of any element P in the j"" row we must write 

Then in the first column every element after the {k + 1}" vanishes, 
while in each of the others every element below the leading 
diagonal vanishee, the element in the leading dit^onal of the i* 
column being (t — 1). 

Hence if we expand the determinant by Laplace's theorem, 
according to minors of the first k columns it reduces to 



(ft+l}Cit+2)...r 



n, pm^ ... $«ij., 

,1. [>m,+ (m+l)J ... 
„0, 2{m+l), ... 



0, 
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which proves the theorem. For the last determinEiQt is the result of 
operating, aa io II. 5.iv,, on the determinant (1). The determinant 
(1) is known by Art. 27, and hence we know the value of the new 
determinant. 

29. Next let us consider 



{m+l\, («+l)(m + l)„ (p+l)(m + l)^, 



where ft hae any value from dtad + r—l inclusive. 
Divide the rows by 

respectively, and multiply the columns by 

k^, I, {d + l\, (d + 2),... 
Then our determinant is equal to 






multiplied by the determinant 



(m — d)i_4, n, p{m — d\ 

(m - d + 1)„, n + 1, (p + 1) (m -rf+ 1), . 



..(1) 



(2), 



{m-r-d+ r)fc^, n + r, (p + r) {m — d+ r\ ... 

which by the preceding articles is equal to 
{k - d + 1) (k-d+2) ... r {m - d-n) (m~ d- p-1) 
{w.-d--q-2).. 

being independent of the last r — ft + d, of the quantities n,p...u. 

The determinant we started with is equal to the product of (1) 
and (2). 
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30. In the determinant of the last article let 
n = p=... = «=i, k = d= 1 ; 
then if we multiply both sides by 2' 



[chap. VI. 



(m + 2)„ 5(m+2)„ 



3(m+l), 
5 {m + 2), 



3 (m + IX 
5(m + 2), 



(m + r)„ (2r + l)(m + r)„ (2r+l) (m + r),... (2r+l)(m + r), 

= 2'm(m + l)... (m + r). 

Divide both sides hj m(m+l) ... (m + r), and then multifdy both 
aides by r !, thus 



1, 1, (m-1),, ... (m-1)^, 
1, 3, 3m,, ... 3(m)^, 
1, 6, 5(m + l),... 6(m + l)^ 



= 2.4.6... 2r. 



Hence, changing m — 1 into m, if we write 

«,= 1, 1) m,, 7?^ ... m, 

J, 1, (m+2)„ (m + 2\ ... (m + 2X 



we have by Wallia' theorem 

Lim. (2r + 1) u*,_, = 5^ , 
when r, and therefore the order of the determinant, is infinite. 
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CHAPTER VII. 



ON CUBIC DETEEMINANTS AND DETEKMINANTS WITH MULTIPLE 
SUFFIXES. 

1. Just as when n* elements are given we can arrange them 
in the form of a square, so when n' elements are given we can 
arrange them in the form of a cube. Then we can indicate the 
position of the elements by means of three suffixes. The elements 
will lie in three sets of parallel planes ; supposing the cube contain- 
ing the elements to stand on a table with one face towsjds us, we 
may for convenience call those planes parallel to the face on which 
the cube rests strata, those parallel to the face in front of us 
planes, and the perpendicular planes sections. 

2. An element of such an array will be denoted by a^, 
where the su£Gxes mean that it stands in the t^ stratum, f' plane, 
and ^ section. 

The set of elements in the leading diagonal will be 
a,„a^ ... a,^. 
From this we can form a function analogous to a determinant, and 
hence called a cubic determinant, by the following process. 

From the leading term OmO^ ... a,^ we form nl terms by 
writing for the series of third suffixes aU possible permutations of 
1, 2 ... n, giving to each of these terms a sign corresponding to 
the class of the permutation. Then from each of the terms so 
obtained we derive n! new terms by writing for the series of 
second suffixes all possible permutations of 1, 2 ... n, giving to each 
new term, relatively to the term &om which it is derived, the sign 
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corresponding to the class of the permutation. The sum of all 
these {n I]' terms is called a cubic determinant, and is denoted by 

or by I a^ I {i, j, k = l, 2 ... n). 

S. Just as an ordinary determinant can be represented as the 
product of n alternate numbers, so a cubic determinant can be 
represented as the product of n factors lineo-linear in two sets of 
alternate units. 

If e,, e, . , . e, ; £j , e, . . . f, are two independent sets of alternate 
units, then the determinant of Art. 2 is equal to the product 
n [a„,e,e, + o^i,*,*, + . . . + o-a^^i^n 

{t = l, 2...»). 



For if we consider any term of the product, it will vanish if it 
contains two e's or two e's with the same suffix, i,e. if two a's with 
like second or third suffix occur in the term, which ensures that 
all terms which do not belong to the determinant vanish. Thus 
every term which does not vanish contains some permutation of 
the units e„ f, ... €„ and e,, e, ... e, as a factor, and if the units 
be brought to this order the sign of the term will be (-l)""*"'; 
where fi is the number of inversions in the e's, i.e. in the second 
suffixes of the term, and v the like number for the e's or third 
suffixes. That is to say each term of the product is a term of the 
determinant with its proper sign. Thus the determinant is cor- 
rectly represented by the product. 

Just as an ordinary determinant is the product of linear 
functions of the elements of a row, a cubic determinant is the 
product of linear factors of the elements of a stratum. 

By means of this representation we can deduce the properties 
of cubic determinants. 

4. The sign of the determinant is changed if we interchange 
two planes or sections. 

For interchanging two planes is the same thing as interchang- 
ing two e's, and interchanging two sections the same as inter- 
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changing tTvo e's. Either of these changes alters the sign of every 
term, and therefore of the whole determinant. 

5: Interchanging two strata does not alter the sign of the 
determinant. 

For we can represent the determinant by either of the two 

products 

n(c„e,+ c„e,+ ... +c„0 ^ 
where 6^. = a,^e, + a^e^ + . . . + Oj^e, 

From the first form we see that the determinant, on inter- 
changing two strata, suffers a change of sign as being the product 
of alternate numbers belonging to the system « ; from the second 
we see that it also suffers a change of sign aa being the product of 
alternate numbers belonging to the system e. Thus on inter- 
changing two strata the determinant undergoes two changes of 
sign, and hence remains unaltered. 

6. A cubic determinant of order n is the sum of n I ordinary 
determinants, each of order n. 

For as in Art. 5 

A = l\ (c„e, + c„e, + . . . + C„e„) 

where c^ has the same meaning as in Art. 5. Hence, by L 19, 

Thus the cubic determinant is equal to an ordinary determi- 
nant of the same order, whose elements are alternate numbers. 
To split up this determinant into others with simple elements we 
must take a partial column from each column of the determinant, 
but if we take a partial column in the p** place from one column 
we cannot take a partial column in the p^ place from any other 
column, for then e^ would occur twice, and the corresponding deter- 
minant must vanish. Hence each selection of partial columns 
must be a permutation of 1, 2 ... n, there are n! such selections, 
and as many determinants with simple elements. 
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Thu8 A='X\a^j\, 

where the determinant on the right is an ordinary determinant ; 
k IB put in hracketiB to remind ua that though it varies from one 
column to another, in the same determinant it remans fixed. 
This theorem is also an obvious consequence of Art. 2, 

7, If in the preceding article we suppose all the first suflSsea 
to be the same, all the determinants on the right would become 
alike, only their columns being permutated, and each determinant 
would have the sign corresponding to that permutation, hence 
suppressing the first aufBxes altogether, the cubic determinant is 
now equal to 

■ (»l)lo.iaJ;-l,2...«). 

This then is the value of the cubic determinant whose strata 
consist of the deten 



repeated n times. 

8. The product of two ordinary determinants, each of order n, 
is a cubic determinant of order n. 

Let A = \aJ = A^A^... A^, 

B = \h^\ = Bfi^ ...5„ 
where A^ = a^e, + tt„e, + ... + a^e„, 

■^1 = ^A + *o«> + — + ^*.«.. 

the systems of units e and e being independent. 
Then A£='a.Afi, 

= n K6„e,c, + o„S,e,c, + . . . + a„6^e,e. 



Now if Cy^=aA. 

the product on the right is the cubic detenuinant of the elements 
c^j. Thus the theorem is proved. 
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By multiplying A, and B^ together we avoided any inversion 
of the A'a and 5*8 among themselves. If we allow for the conse- 
quent changes of sign we can have aa many such inversions as we 
please, and so vary the form of the cubic determinant which 
represents the product. 

9. The product of a cubic determinant A, whose elements 
are a^, and of an ordinary determinant S, whose elements are 
&a, is a cubic determinant C, whose elements are c^, where 

Or we treat each stratum of .il as if it were an ordinary determinant 
to be multiplied by B, the resulting strata give C. 
For (7=n(c„,«,e, + c„,€,e,+ ...+c„.e,e, 

+ "m V. + "-M^A + ■ ■ ■ + ^^iw V- 

+ ... 

+ <'iM*"*i+ ''art Vi+ ■•■ + "mh^ii*-) 

= n (a„.5,e,+ a,„B,e,+ ... a^B,e^ 
+ ffl„5,«i + '^oi^A+ ■■■ 

+ ); 

where Bj = b^e^ + 6^e, + . . . + b^e^. 

Since the alternate numbers B^ follow the same laws as units, 
this last product is a representation of the cubic determinant^ by 
means of the units e and B. Thus 

C = A.e,...e,.B,...B, 
= AB. 

10. It is now an obvious step to consider those functions 
formed of letters with more than three sufBxes analogously to 
determinants, though when we take elements with more than 
three suffixes we ceaae to be able to picture to ourselves their 
arrangement topographically as we can in the case of elements 
with one, two or three suffixes. We can, however, conceive a set 
of elements with p suffixes such as 

r^ in number, to be arranged in p sets of rectangular planes in 
a space of p dimensions, and forming a rectangular parallelo- 
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schemon of p dimensions. (Cf. Schlafli, Quart^li/ Jour. II. p. 278.) 
The elements which have all auflSxes the same, except i, lie in 
the same line, those which have all sufiBxes the same, with the 
exception of i and j, lie in the same plane, ... those which have 
only I in common lie in a rectangular pai'alleloschemon of p — 1 
dimensions. 

The product of the elements 

is called the leading term of the determinant of the p"" class, 
which is formed by keeping the iirat suffixes unaltered, and writ- 
ing for each set of the other suffixes all possible permutations of 
1, 2 ... n. To each term so obtained we give the sign corresponding 
to the sum of the number of inversions in the p —1 sets of variable 
suffixes. 

The whole number of terms is {n!}"^*. 

11. The determinant of the p*^ class can be represented as a 
product of linear factors of the elements which lie in the same 
paralleloscbemoQ otp — 1 dimensions. 

If e„ e. ^. e. 



be p — 1 sets of alternate units ; it is plain horn reasoning similar 
to that in Art. 3, that the function 

A = nXa^,e,f,...v, 
(where the sum is formed by giving to each of the suflfixeaj, k... I 
all values from 1 to n, and then forming the product of such sums 
for the values 1, 2 ... n of i) is a determinant of the p* class and 
n*^ order, such as we have defined in Art. 10. 

12. This definition is strictly analogous to those for deter- 
minants of the second and third class. A determinant of the 
second class is the product of linear functions of the elements of a 
row, one of the third class the product of n factors linear in the 
elements of a stratum. Here the determinant of the p* class is 
the product of n factors linear in the elements of a pai'allelo- 
schemon of p - 1 dimensions. 
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13. It is clear that by the interchange of any two suffixes, 
except the first, the determinant changes sign. Also since the 
factors of the determinant can be written as linear expressions of 
each of the p — 1 seta of alternate units, it follows by the inter- 
change of two first suffixes the determiDant undergoes p — 1 
changes of sign. Thus the determinant remains unaltered or 
changes sign according as its class is odd or even. 

14i. We have kept the first suffixes in their natural order. It 
is however indifferent which set of suffixes is retained fixed. If 
the class of the determinant is odd, it is perhaps more symmetrical 
to keep the middle suffix unaltered ; the determinant is however 
not the same as before. 

15. The product of a cubic determinant A, whose elements 
are a^, and of an ordinary determinant B, whose elements are b^, 
can be represented as a determinant of the fourth class C, whose 
elements c^^ are given by 

For ^ = n (o,„e,C, + a„, e^e, + . . . + o„, e,e^ 

+ «Blf.«i+ ). 

B = Tl{b„% + b^Vt-i- ■■■+Knn)- 
Thus clearly 

(lat j,i-, 1 = 1,2. ..n) 

which proves the theorem. 

16. The product of two cubic determinants A and B, whose 
elements are a^^ and 6,^, both of order n, can he represented either 
as a determinant of the filth clas-s, whose elements are 

or as a determinant of the fourth class, whose elements are 
given by 

c«,=^"'^^P« 0) = 1, 2...n); 

the order of both determinants being n. 

The first part of the theorem is proved as follows : 
A = Ula^e,e,. 
(In 2 p,q = 1.2...n; in II t= 1, 2 ...n.) 
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(In 2 r,8 = l,2...m; in n i = l,2...n.) 
Thus AB = nS a^ b^, e, ej^ k, 

(In 2 p, g, r, 8 = 1, 2...n ; in II r = l,2,..Ti.) 
Wticli by definition proves the theorem. 

For the second part of the theorem we have 

Kow the sum under the product sign 



-Se,KS, + o„B,+ ... + a„B.l 0=1,2...„), 




where B^ = 6,„ e, ij, + fc,„ e, »?,+ ... + fc,„ e, »?, 




+ 6«. «. *?i + ^W «. 'J. + - + 6«. e. ^. 




+ ... 




and if we write 




■^« = **« «I + "iM «i + • ■ ■ + «W^ 




the sum becomes 




B^A„ + B^A„ + ...+B,A^. 




The product of this has to be taken for all values of i 


It 



must always be taken so that in each term we have the 
product B,Bj... B^; for if two Bs are repeated the term van- 
ishes. The value of this product is B. 
The remaining factors in the term are 
A^A^...A„, 
where p, 5 ... r is a permutation of 1, 2 ... n. This is an ordinary 
determinant of class 2. Comparing this with Art. 6, we see that 
it is a term in the expansion of the cubic determinant v4 in a sum 
of determinants of class 2. All these terms occur in our product. 
Thus 

C=A.B. 

17. The following theorem regarding the product of two 
determinants of any class can he proved by the preceding 
methods. 
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The product of two determinaDts of classes p and q, whose 
elements are dj , and ft^y ^ respectively, can be represented either 
as a determinant of class p + j — 1, whose elements are 

C*;-.j»„.. =«i;...i6«..... 
or as a determinant of class p + q~2, whose elements are 

(>...i«.,.. = ^a«...i K... (*= 1, 2 ... n), 
all the determinants being of order «. 

18. It is not difficult to see how the theorems with regard to 
determinants of the second class (i.e. ordinary determinants) can 
be extended to determinants of any other class. It is probable 
that determinants of higher class possess many properties peculiar 
to themselves, though as yet not many of these have been investi- 
gated. The complement af any element of a determinant is a deter- 
minant of the same class and next lower order. The extension of 
Laplace's theorem would shew how a determinant of class p and 
order n could be expanded in a series of products of .pairs of deter- 
minants of class p and orders m and n — m. 

19. There is no difficulty in writing down the expansions of 
determinants of any required claes or order. The number of terms 
however increases very rapidly. 

The following are the expansions of determinants of tbe second 
order, and classes 3 and 4 respectively : 

2 ± (111)(222) = (111) (222)-(121)(212) + (122) (211) - (112) (221) 
2 ± (1111) (2222) = (1111) (2222) - (1112) (2221) + (1212) (2121) 
- (1211) (2122) -I- (1122) (2211) - (1121) (2212) 
-I- (1221) (2112) - (1222) (2111), 
while for the determinant of class 3 and order 3, 

2 ± (111) (222) (333) = (111) (222) (333) - (121) (212) (333) 

- (Ill) (232) (323) -1- (131) (212) (323) 
+ (121) (232) (313) - (131) (222) (313) 

. - (112) (221) (333) + (122) (211) (333) 
+ (112) (231) (323) - (132) (211) (323) 

- (122) (231) (313) + (132j (221) (313) 
-(111) (223) (332) +(121)(213)(332) 

, + (111) (233) (322) - (131) (213) (322) 

- (121) (233) (312) + (131) (223) (312) 
4- (1 13) (221) (.S32) - (123) (211) (332) 

8. D. 7 
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- (113) (231) (322) + (133) (211) (322) 
+ (123) (231) (312) - (133) (221) (312) 

. . + (112) (223) (331) - (122)(213)(331) 

- (112) (233) (321) + (132)(213) (321) 
+ (122) (233) (311) - (132) (223) (311) 

- (113) (222) (331) + (123) (212) (331) 
+ (113) (232) (321) - (133) (212) (321) 

- (123) (232) (311) + (133) (222) (311). 
20. We shall conclude this chapter with the foUowiDg general 

theorema. 

A determinant of any class, all of whose elements are equal to 
a, except those in the leading diagonal which are equal to ir, ia 
equal to 

{a;+(n-l)(i}(a!-a)"-', 
n heing the order of the determinant. 

We shall prove this for a cubic determinant, hut the method is 
perfectly general 

i) = IT (a«,e, + <w,f , + . . . 
+ a«,e, + ae,e, + ... 
+ ... +aM^^ + ...) 
= n{o£:£'+(fl;-o)e,e,I, 
where ^=e, +«,+ .. .8,, ^ = 6,+ e, + ... +«,. 

Hence, since E and E' are alternate numbers, any term in 
which they occur more than once vanishes. 

Hence i> = (x - a)" + a (a; - «)•■" 2 {^^Hv,} 
(/: = 1, 2... 1-1, i+1 ... n); 
.'. i) = (a; — a)* + no (ic — o)""* 
= {a; + (n - 1) a\ {x - o)""" ; 
for ^, ... et.,e„, ... e, = c^, ... e„e„, ... e, 

= (-i)'-V.-e.; 

and so J^'e, ... e^,e„, ...€,= (-1)*-^. ••■ V 

The last theorem of lli. 25 can also be extended to determi- 
nants of higher class, for a cubic determinant we may state it as 
follows ; If all the elements in the i* stratum are equal to a^, with 
the exception of that which lies in the leading diagonal, whose 
value is x,, then the value of the determinant is 

/+S«/(«,) 
with the notation given in ill. 25. 
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CHAPTER VIII. 



APPLICATIONS TO THE THEORY OF EQUATIONS AND OF 
ELIMINATION. 



If 


ve have 
, namely. 


n linear 


equations 


between 


n 


quantities 




a„x. 


+ o„ «, + . 


..+o„a:,: 


= «. 








a..*. 


+ a„a!,+ , 


■■■+V^,= 


= «. 




(!)■ 



the determinant ^ = | a^ | is called the determinant of the 
eystem. If A does not vanish we can at once determine the 
variables. For if we multiply the above equations by ^^,ji„... 4^ 
respectively and add, then all the terms on the left vanish, with 
the exception of those multiplying w^, which together give A (ill. 
II). Hence 

,Ax^ = u^A^+u^A^ + ...+'u^A^ (&=l,2...Ti). 
The expression on the right is the expansion of the determinant, 
obtained by writing u,, «,...«„ for the elements of the ^ 
column. 

2. It is interesting to compare with this the solution by 
alternate numbers. 

Multiply the given system (1) by e^, «, ...e„ and add; then if 
e, a„+ e, 0,,+ ■ ■ ■ + e, a^ = j4, 
e, M, + e, M, + . . . + e, w, = U, 
we have 

A^x^ + J,or,+ . . . + A^x^ = U. 

7-2 

'■][.'■ D,3,llzH^:,yG00gle 



100 THEOBY OF DETEESUNAIJTS. [CHAP. VIII. 

Multiply both sides of this equation by ji, ... -<ij., A^^ ... A^, 

and we get 

A,...A^^A^...A^A,a!, = A^...A^A^^...A,U, 
or A^...A^x^ = A^ ...A^^UA^,...A^, 

and Trnting the products of alternate numbers as determinants we 
get the same solution as before. 

3. If in the equations (1) the quantities u on the right 
vanish, we have the system of n homogeneous linear equations 

"«'^i+ °«'^.+ ■■- a^<^, = u,-0 (t = 1, 2 ...n). 

"We may regard these as equations to find — ', -* . . . -^^ . 

*"■ '^« *"■ 
Taking any n — 1 of the equations, by Art. 1 we can determine 
the ratios. These values, if the equations are consistent, must 
satisfy the remaining equation. This condition is 

^=0. 
For if we multiply the equations by .^^, A^...A^, as before and 
add, we get 

«.|oj-0. 

If then the equations are to be satisfied by other than zero 
values of the variables we must have 
-^ = 0. 
If this be tme any one of the equations is a consequence of all 
the rest, viz. we have 

v^A^ + u^A^ + ... + u^A^ = 0. 
Where the u's now stand for the linear functions, that is to say, 
any one of the w's is expressible lioearly in terms of the remaining 
ones, provided the quantities A^ do not all vanish. 

4. If the condition of the preceding paragraph holds we 
have 

^ _ ar, _ _ "'■ 

For if we substitute the values a, = \A^ all the equations except 
the i'^ are satisfied by III. 11, and the A"" is also true since 
^ = 0. 

:■/; ■:;:■;. ; : DigmzecDyGOOtjIc 
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5. Beturning again to the equations of Art. 1. Any new 
linear function v of the w'& can be ezpreesed linearly in terma of 
the u'b. 

For if i) = &ja;, + 6,a!, + ... +6,<if., 



we may regard these as » + 1 equations between the n + 1 quan- 
tities — 1, Xj, «,...«,. 
Hence, by Art. 3, we must have 

h - K 




6. If we have between n variables x^, a;, ... x^, the m equations 
Oiiir, + a^^x^ + ... + (i„fl!, = 



where w is greater than n. Then if these equations are to he true 
for other than zero values of the variables, if we take any n of 
them their determinant must vanish by Art. 3. 

This condition is represented by 



■ o* 



which means that ea^h of the system of m, determinants, got by 
selecting any n rows of elements &om the array and forming 
a determinant with them, is to vanish. The expression on the left 
is frequently called a matrix. 
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7. The Eastern of linear congraences 

ttj,*, + . . . + 0,,iB_ = u, 

(mod.^), 

first considered by Gauss, has been solred as follows by Studuicka. 

Let ^ =s I a^ |, 

and let g^ be the greatest common measure of the nnmbers 

A^.A,...A,. 
Then, as in Art. 1, we have for all values of h from 1 to n, 

-~x^= -(m,^j^+«,^^+ ...+tt,^^ (mod.p). 

The advantage of the rule is that if we observe that one of the 
minors of a column is unity, or if two of them are prime to each 
other, then, for that column, g^ = 1, 

8. The solution of the system in Art. 1 assumes different 
forms according to the nature of the coefGcients a^. If 

o^ = — a. and o^ = 0, 
so that the determinant of the system is skew symmetrical; first, 
if n is even, if we multiply the equations by 
[2,..fc-l, ifc+l...w], [3...;b-l, ifc + l...n, l]... 
[l...jt-l, A: + l..!n-l], 
and add, the coefficient of a;, is 
a„[2...A-l, & + l...«]+a„[3...Jfc-l, Jfc+l...n, 1] 

+ ... +a^[l... i-1, jfc + l ...w-1] 
= -[Jfc, l...i-l, /; + l...n] = (-l)*[l, 2...n], 
while the coefficient of x^ is 

-[t,l...i-l, *!-t-l...n] = 0. 
Thus 

{-l)'ic,[l. 2...n] = «.[2...i-l, &+!...«] 
+ u,[3...ii:-l, fc + 1 ... n, l]... + w„[l...)fc-l, A + 1 ...n-lj. 
But if n is odd, then j1 =0 (vr, 8) and a;,, a,... m^ in general 
■ are infinite, but bear fixed ratios to each other. If however 
«,^u+ w,J„+ ...+tt, -4,^ = 0, 
or «,[2 ...n] + w,[3...w. 1]+... +mJ1, 2 ...n-l] = 
(vr, 15), one equation of the system is superfluous, and the system 
of the remaining equations can be solved as above. 
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9. In Art. 3 we have the first example of the process of 
elimmation ; namely, we have found a condition, independent of the 
variables, which must hold if a certain given number of equations 
are to exist between these variables. When r homogeneous equa- 
tions hold between r variable quantities, (or what is the same 
thing, r non-homogeneous equations between r — 1 quantities) it 
is always possible to establish an equation R = between the co- 
efficients of these equations alone. Then B is called the resultant 
or eliminant of the system of equations. 

When the equations are two in number the most direct process 
13 Sylvester's dialytic method. Let the two equations be 
= a„ + a,x-\-a,a?+ ... + a^ar 1 
= b^ + h^x+b^a^ + ... + b^af j '" 
If we multiply the first equation by 1 , a;, a:* . . . jt^' we get » — 1 new 
equations, and from the second by multiplying by l,x,a?.., !^' 
we get m — 1 new equations, viz, we have now the system 
= a, + «,a! + a^ + ... 
= a^ + a,i^ + ... 
0= a^+... 



..(1). 



= 6,4- b,x+b^+ ... 
0= 6^ + 6y+... 
0= b^+... 



of m + n equations satisfied by the same values of ic as the given 

equations (1) and linear and homogeneous in the m +n quantities 

1, a;,V... k"^". 

Hence, by Art. 3, the determinant of the system must 
vanish, or 



h. b„ b, . 

K, b, . 

K ■ 
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A determinant of order m+n. Since there are n rowa of a's, 
and m of b's, the resultant ia of order n in the coefBcients of the 
first equation, and of order m m the coefficients of the Becond, 

10. If the coefficients a^, a^,, a,^--- 6,, 6^,, J^, ... are 
functions of ^ and z of degrees 0, 1, 2 ... , it can be proved that 
the resultant is of order mn in j/ and z. This will be the case if 
every term in R has the sum of the complements of the suffixes 
equal to mn. 

If we change y and z into yt and at respectively, the value of 
R is now 






Observe that the separate elements and therefore each term of R 
is multiplied by a power of t equal to the complement of the suffix. 

Now, multiply the first n rows by 

i""*, (""' ... (, 1, 
and the last m by 

r-*, r^, ... *, 1. 

Then R is multiplied by a power of t, whose exponent is 
m(m-l) n(n-l) 



But now the first colunm of R! divides by f"'"*', the second by 
i*"*"^, and so on. Thus .fl'-f-iJ is equal to a power of t whose 
exponent is 

(wi + )i)fm + n- 1) m(m-l) n(n-l) 

i ^^2 2 ^'=m«. 

Thus every term in K must divide by f", which proves the 
theorem. Functions, such that the sum of the suffixes, or of their 
complements, of the elements in each term is constant, are some- 
times called isoharic, and the constant sum is called the weight. 

11, We may consider the question in another way. 

If (j;) = 6, + 6,a: + 6^* + ... +M'' 

^K{x-^^){x-^,)...{x-^:, (1) 
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is an equation wtose roots are j9, , ^, . . . /9^ the function 

f(x) = u = a^ + a^x+a,a?+ .,. +a«it?" (2) 

has n values corresponding to the different values of x given by (1). 
These n values are the roots of an equation of the n* degree, 
• which we now proceed to find. Multiply the equations (1) and (2) 
by the same powers of a; as in Art. 9, and we have the m + n 
equations 

= a^-u + a,x + a^+ ... 



0= 6, + 6,a! + 6y+. 



Eliminating between these the quantities 



6., 6.. 6, 



an equation of the n"' degree to find u, the roots of which are 

/(ft),/(ftl-/(/3.). 
The product of the roots being equal to the constant term 

(- VK/W/m -/(A) - (- !)•-«. 

where R has the meaning in Art. 9. Thus 

B-K/m/w-fw.)- 

In the same way we may shew that 

if 0, ... a„ are the roota of (2). 
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12. If the two functions ^ and/ of the preceding article am 
a function and its differential coefficient, then B is called the dis- 
criminant of the function, and its vanishing is the condition that 
the fvinctioa should have equal roots. If 

f{x) = a^-\-a^x + a^+ ... -l-aX 

= a, (a: - a,) {x - b,) ... (x-a^ 
f {x) = a, + 2a^+ ... +7MI.X"' 

■B=«r/(«.)/(0"./'(«-) 



II,, 2o, . 



having n rows of the first, and n — 1 of the second kind. 

If we multiply the laat row by n, and subtract it from the n*, 
this becomes 

... 0, -na„, -{»-!) a, ... -ra^i, 0. 

Thus the determinant reduces into the product of a, by a 
determinant of order 2n — 2, which we shall call A. 



Also /(a,)= o, (a, 



-">)C«.-"J-C'^-<0 

, (a,-o.)... (=t,-0 



/'{«J=(»,-«.)Ca,-«J{a,-a,). 



CE„; 



■where ? (a, ... a J means the product of the squares of the differ- 
ences of all the roots. Thus 



a-(-i) 



-!:{«, 



■ o- 



13. The artifice employed in eliminating x between two equa- 
tions may sometimes be employed for the case of more equatious 
than two, as in the following examples due to Prof. Cayley. 
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Let 3; + y + 2 = 0, s^=^a, y' = b, *'=c; 

multiply the first equation by 1, yz, zx, xy, and reduce by means 
of the other three, then we get 



ayz ■i-cy-Vhz = (i 

xyz + CX + tts = 
xyz+bx+aif =0, 

whence, eliminating xyz, x, y, z, we get 





1, 


1, 


1 


1, 




c, 


h 


1, 


c, 




a 


I, 


t. 


a 





Or if we multiply the equation by x, y, z, xyz, and eliminate 
1, yz, zx, xy, we get 

1, h, c - 0. 
., 1, 1 
6, 1, ., 1 
c, 1, 1, . 
Again, if we are given the equations 

a!+y + 2 = 0, a? = a, ^ = h, f? = c, 
if we multiply the first equation by 

*. y> «. y*^''. '^^. *'y'j ^y^' ^zx, ^xy, 

and reduce by the last three w6 can eliminate 

jc", y", !?, yz, zx, xy, xtf^, y^a?, za?'}^ 
between the resulting equations, giving 



1 


1 

c 


1 

h 


1, 
1, 


1 
1 










c 




a 














h 






a, 


h 








1 

1 
1 



Other forms of the resultant can also be obtained. 
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14. The resultant of the quadric 

u = a^w'+ ... + 2ag.x^x^ + . . . = 
and of the n — 1 linear equations 



..(2) 



can he readily expressed l^ determinants. 

By Euler's theorem for homogeneous fnnctaons we can write 
the first equation in the form 

du du du 

a, -T- + «, J— + . . . + «, -J— = 
' da, ' ax. " ax. 



= 2u=0 



..(3). 



Then if in equation (3) we do not consider the variables implicitly 
contained in the di£ferential coefficients, (1) and (2) being n 
equations, between x^ ... x^, (S) must be identical with 

V, + \w,+ ... +X^,Vi=0 (*) 

by Art, 3. Equating coefficients in (3) and (4) we must have 

a^x^ + a^fl!, + .. . + a^x^ = \,c„ + \c„+ • •• + ^,^iC»_ii 



(«). 



the equations (5) together with (2) form a system of 2«— 1 equa- 
tions between x^, a;, ... x^, \, \ •■• X,^,i hence their determinant 
must vanish by Art. 3. Thus 

= 0, 



the blank space being filled with zeros. This result is due to 
Yersluijs. a^ and a^ mean the same thing, viz. half the coefBcieut 

of^.a... 
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15, If we seek to solve the system of equations 
x + j/ = a a^ + ^ = b', 
we do so by estabtisluDg the new linear equation 
f — y = ± ^26' — «'■ 
Following up this idea Baur has solved the non-homogeneous 
system of an n-ary quadric and n — 1 linear equations between the 
variables ; viz. let the system be 

Oua;,*+...+2ttaiB,a:, + ... = « (1), 

Cj, (c, + . . . + c,^ «, = y, 

c„a:, + ... +c„a;, = y, 

• (2) 

^—n"'!'^ ••• +Vti.*«~?»-i- 

Then we wish to establish a new linear equation 

P.i*i + ■■■+"«.*--?. (3)» 

80 that if we determine the values of je, ... a;, in terms of y, ... y_ 
from (2) and (3), and substitute their values in (1), the result shall 
only contain y, in the form y^. We are to have then 

« = y,» + 26.y.y, (i,k=l, 2...n-l) (4). 

Now if G=\c^\ 

we have Gx, = C,,y, + C^y, + ... + 0^y^ (5). 

Hence, differentiating (4) partially with respect to y_, we get 

_ dw ^i . ^ ^ . . ^ ^ 
"■ da;,' dy, dx,' dy, "■ dx^ ' dy,' 

or, by aid of (5), if '^f ~ i j~ ■ 



..(6). 
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Substituting for the differential coefficients their values we 
determine the form of the equation (3). We have still to determine 
the value of y,. To do this we introduce the n (« — 1) quantities 



such that ^rl'^IX + ^t^n+ •■•+*n.'*M» = <'rt; 

and hence ^^n= '^n-^a'^ '^n-^a + ■■■ + Cn,-^to' 

where A= \ ag.\ . 
Thus 



-Oy, C7). 



Now from the product of (6) and (7), 









where ^r.'^''n^.i + '',t'!^-^ — +o„e^ 



■•(8), 



0, js^, c^ ... c^ 

''rt' 0,1> Ou •■• "i. 
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Od the right-hand siAe of (8) all the quantities are known from 

(1) and (2), Thua Cy^ is known; siibstitute its yaJue in the left of 
(6) and we have the required equation (3), which with the equations 

(2) forms a system of n linear equations sufficient to determine 
the quantities x^ ... x„. 

16. The equation 



W. «... «« — «-* 
(where aa = <''J) formed by taking X from each of the leading 
elements of a symmetrical determinant is of considerable im- 
portance in analysis. The following proof that its roots are real is 
due to Sylvester. If we denote the left-hand side of the equation 
by ^ (X) we have 



♦(-«- 


«„+X, o,, . 


• ^. 




«„, «,+ i- 


■ «. 




«.,. ».. • 


• <•_+>. 


and hence 




*(X)*(-\)- 


Cu-X*. Cu . 


■ ",. 




c„ c„-\' . 


■ ", 




«.>. «« ■ 


• »..->.■ 



where c„ = ffl„o„ + o„a„ + . . . + a^a^ 

the X disappears, because cr„ = a„. Hence, expanding the right- 
hand aide by Art. 22 of Chap. lu., 

<j> (X) <^{- X) = C - X'SC, + VSC, -... + (- X")'. 
Now, by IV. 9, Cp Oj ... are all sums of squares, the coefficient of each 
power of X being the sum of squares is positive. Hence, if we equate 
the right-hand side of this last equation to zero by Des Cartes' 
rule it cannot have a negative root. Thus X cannot be of the 
form ^J— 1. In order to shew that it cannot have the form 
1 + J— I we have only to write a„ — a=a„', &c., and the case 
is reduced to the preceding. 
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17. The proof might also be conducted symbolically as 
follows. 

Putting A'*>=\a^\ /),'"' = \" 

in the result of III. 21, 

<f,(\)=iA-\r 

if>{-\) = (A + \)'; 

.: 0(\) if>{-X) = (A'-xr (1) 

where the indices within the brackets mean actual powers. 

On expanding (1) the coefficients of the powers of \ are even 
powers of A, or, passing from the symbolic to the real expansion, 
are the sums of squares of minors, and are hence positive. The 
remainder of the proof is aa before. 

18. We shall conclude this chapter by giving Fiirstenau's 
method of approximating to the least roots of equations, following 
Baltzer's modification of it. 

Let the equation be 

/(a;) = a„ + a.a! + aX+...+a.ar" = (1). 

We shall suppose that all the roots are real and unequal 
The system otp equations 

/{x) = 0, xf{x)^0..,ar^f{x) = Q ,...(2) 

is linear with respect to l,x,a? ... x'*''', hence we can eliminate 
any p — 1 successive quantities, say 

For this purpose we multiply the p equations (2) by the com- 
plements of the elements in the first column of 

K.- 



The suffixes of R mean that the determinant (which is ortho- 
symmetrical) begins with o„ and is of order p. If r is greater 
than n, or negative, a^ = 0. Adding the equations so multiplied we 
get 

= ^,(x) + 6,ai**'4 5,ic*^' + ... + 6 ^x"*^' (S), 
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which is satisfied by a root of (1). Here 



I 0, a„ a„ 



+ ...+a^l 



-(*)■ 



Ifnowflf^^j, a:^...*, be roote of the equation (1) we have the 
n—k identic&l equations 



Prom these, by aid of (3), eliminating b, ... 6,^ we get 




Expand according to the 'elements of the first column and then 
multiply up hy a^*', and we get 

where c^ ... are independent o{j>. 

This equation is satisfied by all the roots of (1), and if a:;^,...;^ 
be the n — k roots of greatest absolute m^nitude, when p increases 
indefinitely the remaining roots of (I) are by the last equation 



those of 

S. D. 



0,(ar> = O. 



:,3,i,z^..„GoO<^lc — 
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Hence, if ftr, is the least root of (1), x,, x, the two least toots, 
x^,tej...x^ the k least in ahsolute magnitude, ihen 



^M^) 
"M^) 



■<tA.....-(-l)"a,lim.(§^'). 



To establish this rule completely aa one of practical utility it 
would be necessary to shew, for instance, that a;, lies between two 
auccessiTO convergents, obtained by taking two euccessive values 
of^, and that these convergents approached x,, and did not recede 
from it. The method has been extended by Fiirstenau and 
Nagelsbach to the case where the roots are not all unequal, and 
also to the case of imaginary roots, but the discussion of these 
points must be omitted here. 
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1. If we have a series of n quantities x, i/, z ...u,t we shall 
denote the product of all the ^n{n — 1), dififerencea obtained by 
subtracting from each number all that follow it, by 



So that 



fife J 



.,()-(«- 



y)(«-«) ■•.(«-<) 



This function ^^ (x, ^, ^ ... u, t) is an alternating fiioction of all 
the quantities w,y,z...t; -viz. on interchanging any two of these 
it changes its sign, but not its absolute magnitude. It is thus of 
the nature of a square root, having two values equal in absolute 
magnitude, but opposite in sign. This is conveniently indicated 
by the index J. The product of the squares of the differences 
will be denoted hy ^{x, y,z ... w, (), and is a E^munetncal function. 
This notation is Sylvester's. 



2. We have 






. t, 1 



--^{w,y,z...ty. 



For the determinant on the leil vanishes if any two of the quanti- 
ties x,y ...i become equal, because then two rows become identical 
Thus the determinant divides by the difference between each 
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pair of the letters, being a rational function. Hence it contains 
{;! (x, y ... as a factor. But the leading term in the determinant 
is ar^y^.-.u.l, which is also a teim in f*(a!...(l) with its 
proper sign. Thus the theorem follows. 

3. Every alternating function of tr . . . f divides by ^(x ,..t), for 
on interchanging two variables the Amotion changes sign, and 
hence vanishes if they become equal, thus it divides by their 
difference, and therefore hy ^^{x ... t). 

4. If / (fc) be a function of the i* degree in x, the coe£Scient 
of whosd highest term is nnity, we have 






■/,(y). 



/>>('). /„(') ■•■/.('), 1 



.{l(«,y...i). 



For if we subtract the last column, multiplied by a proper number, 
from the last but one, the elements in this column become x,y ...U 
Now multiply the last two columns by the proper numbers, and 
subtract their «um from the last column but two, the elements of 
that column now become a*, y" . . . C Proceed in this way and we 
reduce the determinant on the right to that in Art. 2. 

If the coefficients of the highest powers of x were not unity, 
the determinant is equal to t^ [x, y ... t) multiplied by the product 
of the highest coefficients in the separate functions. 



For example, if 



fM) = 



_ x{x-l)... (g-t + l) 



«! 



X^^, X^_^ ... X,, 1 

y^. S« - y,. 1 ~(n-l)l(n-2)lT 



{'fei 



The denominatoT can ajso be written 

2-'.3'-... (n-2)'.(n-l). 
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we see by the theorem for multiplyiog two detenmnants (IT. 3) 
that 



/.W./.W-/.W 



/■W./,fe) •■■/.(».) 



K /.W-fe-yJ-- 



K - "u 



""■ "r 



■ I «»l £*(«!. «. •■■ »0- 



l«.l- 



1. «,(-!(■). ».(-!'■)'•••(-!'■)■"' 

1. «,(-y,). '.(-yJ'-C-y.)" 



1. «.(-».). ".(-yJ'-C- y.r 

where f? is the product of all the binomial coefficients of order 



For the elements in each column of the determinant are multi- 
plied by that power of — 1, which is introduced by moving the 
column from its place in f* to the place it occupies. 

Thus 
(«,-!'.)"(•,-!(,)•"'•■■(«, -Jj-" 

(•■-y,)". (•.-y.r-K-yJ- 



(«.-yJ'"'. (».-&)""■■■• («.-sJ"" 

-Oti(«„ it, ... a^O f* (!/„ y, ... yj. 

If iBj = y^ this gives us f («,... jr J in the form of a determinant. 

6. We may also give still further determinant forms to the 
product f* (a^„ », ■ ■ ■ «J t' (!/„ y, . ■ . yj- 

Thus 



?*(«„ «, ... a^Jf^Cy,, y, ... yO = 



...1 
... 1 



■|«J. 



{..jIn:-,!'' C^tOO^^Ic 
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where if we multiply by rows 

Or if we multiply by columDS 

If we put a!, = y, and «, = a,' + a!,'+... + a;,' we get 
f(a!„ a, ... a;J = 

... 8,^ 






an orthosymmetrical determinant. 

7. A more general theorem is the following. Consider the 
array 

a.,"*', a!,"-*...a!y 1 
iC,""', »,"^ ... »,, 1 



where n is greater than m. Compouud it mHi itself, we get a 
detenninant of the m!" order which U equal to the sum of the 
squares of the n^ detenninants, obtained by taking any m different 
rows in the turray. The determinant has for elements 



Hence, by aid of Art. 6, we get 



where a^, Xg . . . are any tn of the n quantities <e^, x,. 



6 — 9.] RATIONAL FUNCnOSAL DETERMlNANTa. 

8. We have clearly by Art. 2 



a", ar* ... X, 1 



■«., 1 



■?'(«„«,■•. O/M 



where /(a!)= (aj-ffj (a — oj ... (a!-<0 
Equate coefficieiitfi of at on both sides and we get 



". ■ 



• !^(«i,...aJii„, 



p,^ is the sum of the products n — I at a time, without repetition, 
of the quantities o^ . . . a„. 

9. We may write the first equation of the preceding article in 
the form 



«i 



«■-, 



«„ «, - «. 
1, 1 ... 1, 
0, ... 0, 
and similarly we have 



a), O 
I, 



.(-l)"S*(:^,a,...aO/(i.), 



= (-ir£* («,-«.)/&)■ 



Form the product of these two determiaants by rows, aad we 
have 

. «.-, - «., «■ --««„«. -o/w-zw. 





■■ ".", 0, y' 
■ a.", 0, y- 


1, 1 
0, 


•• «., 0, y 

.. 1, 0, 1 
.. 0, 1, 
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from which by equating coefficlenta of the powere of x and y we 
get a number of theorems, s^ is now the sum of the r*^ powers of 
the roots of the equation /(;r) •= 0. 

10. We may extend the theorem of Art. 8 as follows : the 
value of the determinant 



... at,, 1 
... «., 1 



'-', ft,**^ .,- 0,, 1 
which is of the form of that in Art 2, conaists of three parts. 

First the product of all the differences of all pairs of the 
quantities fc, ... «,, i.e. f*(a^... «,), which by Art 2 is a deter- 
minant. Secondly, the difference of all pairs of the quantities 
a, ... or,, i.e. f* (a, ... aj. And, lastly, the product of all auch 
quantities as 

Hanae its value is 

la:,-, «,•,-•••«,. IK' (".-'•'/(''>—/<*''• 



Multiply the i"" row by f(x), and then equate coefficients (rf 
X* . »,'. a;," . . . , and we get the theorem : 

KZ>m,.,. is the determinant of order n formed by suppressing 
the columns containing the «*, »*, w* ...-powei-s-in the array 



«.•—, o.-"-_..., 1 






i?„^,. p™„ ... ?.-. 


C^K 


>. ... o. 


».-..«, P.-.M ... p„ 








Dijili: 


K^:,yGoo(^li: 
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vhere p, is the sum of the prodncta ^ at a time of a, ... a,. 
If ^ is Qegative or greater than n, p^^O, ^,~1. 

11, Let ns consider the determinant 



«, — «,' », — a, J", —fl^ 

1 1 1 

», — «,' aj, — «, " ' SB, — 0, 



1 1 _] 

a;. — a,' »,— st, ""a:,— a. 

Multiply the i"" row by 

/(a,J = «, = («, - «J (a;, - aj ... («, - aj, 
we get 

I "^t ~ "» I 

The determiuant on the right is sjl integral and alternating 
function both of the quantities w^ ... x^aadofa^ ... a^. Hence 
by Art 3 it divides by 

^{tc^. «, ... ipj?*(a„ o, ... aj. 

Comparing, the ordora of the determinant and this product we 
see they are the same, hence the additional factor is numericaJ 
only. To determine it, put x„ «, ...;", equal to a,, a, ... a„ 
respectively, all the elements except those in the leading diagonal 
yauish, and 

~i-^ = (flV-«0 («<- «^ — C«i- O («i- O ■•• («,-«-) 
= f- 1)*-' (a^- a) ... Ca„ - a,) (a,- a„) ... (a, - «J 
when a!, = aj, 
thus the determinftut redn<Qes to 

(-i)"^°EC«,. «.-«J, 

which determines the iactor. Hence 
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12. If Dj, is the complement of in the detenninant 

D, then D^ m equal to the determinant obtained by omitting x, 
and Oj on ^e right, multipUed by (— 1}'**. 

. n , ,y.. (- i)"'^V(», ■■■»'»»». ■■■'.)^(<: - '^,'., -O 

where 



a! — a, ' ir, — a. 



Now if we write 

5 («)- (2-1,) («-«,)... («-«0 
f'C", - «„»„ - «.) t* (». - «„»». - «0 

(-iri:'(»....Oj:'(.,...o 

(»,-.0(»,-.j...(«„-.j («..-.,) ...K-.J-(-i)-|^_, 

then ^.../WiW ^_ 

13. The preceding article enables lu to Bolvo the system of 
equations 



"• /WIJ'W',-". ••■*?'W«'.-"J 

In particular if «, =«, ... =«,. Since by the rule for resolving 
a rational fraction into partial &actioDS 

g(x) (ar-a!j(a!-a!,)... (a!-irj 
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we see by putting a; = o, in this, that 



9 Wa:,-a» 



, /('.) 



Hence if t 



/W 

14. If in the determinant D of Art. 11 we expand each term 
in a series as follows 

^_.l + 5j+,..+^+... 

a, — Oj X, x' x^ 

we see that the term in the expansion of the determinant which 
multiplies (a;,'"*' . jc,**' . . . a;„'*')"^ is 



a/, a. 



a,, a, ... 
To expand the right^and ^de we have 

1^ 1 

w," (a:,- a,) (ir.- a.) ... {x, - aj 



Here .S', is the sum of all the homogeneons powers and 
products of order r, wluch can he fwmed from the quantities 



!:'('„« 



.«J- 






Multiply the ^ row of this determinant by the expansion of 
«("*, the coefiGcient of [x^^ . ic,'*' ... a."')"' is 



B.. ff„ . 


■■B„^ 
■B„^ 


B., ff„ . 


■B..,, 
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whence we get the final equation 



■(-1) 



when r is negative, ff,= 0, 



B„ H, ... B. |!<C«.-«0, 



15. As an example of Art. 14, 

, a, 1 -- a;, H„ a; a", a, i 

J, 1 H„ B„ i.", i, 

c, 1 B„ 0, 0", c, 

= -(a' + J' + c* + 6c + ca + a6)<6-c)(c-o)(o-6). 

We may make use either of the resulta of Arta. 14 or 10 to 
evaluate determinants whose elements are sines and cosines. 



For example 


take 








X= 


1, 


1. 


1, 


1 




C08^, 


C03-B, 


cos (7, 


cos 2) 




sin j1, 


sinS, 


BinC, 


eini) 




sinSJl, 


Bin ZB, 


BinSC; 


flin3i> 



Write for libe sines and cosises their exponential values, and sup- 
pose e" = a, &C. Then writing only the first column of the deter- 
minant 



1 


1 




+ 0-' 


^IflUif 


-a"' 




<!•-<•■ 


-o- 




cl-\ 



Add the second row to the third, divide by 2 and subtract the 
third row from the second, thus 



4Ca&cd)* 
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Thus 

4(<iiei)'X- <•■ + 1 



the fiist detenmnant 



(4-c)(i-(i) 
(c-d) 



b; Art 8. And the second, in like raamier, is equal to 
{a — h) (a — c}(a — ^ {bcd+ acd + ahd+ dbo) 

(i-c>(i-ie) 

(c-d). 
Hence 

_ (a-t)(a-e)(«-d)(t-.i!)ti-(i)(c-«i) „ 

tn^Vii' (a + 6 + + <0 + oSoi (a"" + J"' + 0"" + (T)] 
Hence if 25 = ^ + B+G+D 

16. If we differentiate the determinaat of Art. 11 with 
respect to ar„ the elements of the i" row become 
-1 -1 -1 

And thus 

<-i)-, ^^ ■ ■ ■ 



-A 
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Wo shall now show that 



:, — a, a:, — a, lE, — a, 
111 



Where [ } means that the function on the right is to be formed 
like a determiQant, only all the signs are positive instead of 

alternating. 



Multiply the I* row of B by w,', then 



■■(!)■ 



The determinant on the right is an integral and alternating 
function, both of iCp ir, ... x, and of a,, o, ... a,, hence it divides by 

ti(^.,a.,...»ji:'K.....). 

If the quotient is ^ (a;^ , cc, , . . «,), this is symmetrical with regard 
to each of the variables, and of order n — 1. Thus 

Now, by repeated use of the rule for resolving a fraction into 
partial fractions 

M».-».) 



'Ho..',--':.) ^ j. (-..»....».) 



we get finally 



<fi(g„ a, ... fly) 






,(2). 
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Now, in the first place, in the combination i, k . ..p, no repetition 
can occur, for in the product 

B(u,...uJ* 
?*{*.-0?*K. ■■«-)' 

not only B, but also '"'^ '^' vanishes if x^ and », both coincide 

with Oj, Hence on the right of (2) we must write for i;k ... p ail 
permutations of 1, 2 ... n. 

Now if we write a,, a, ... a, for a:,, a:, ... x^ respectively, only 
a single term of (m, ... m,)'-B remains, viz. 

±[/' («,),/' («,)■../(«,)]■, 

while 

fi(«„»....a.J-C4(a„.....a,) 

= ± ?»(«„«, •■•«.). 
the ambiguous Bign being the same for both. Thus 

^«,,....,.).t£WW.:£W]- 
f»(a,, o, ...a,) 

= (-l)""^/'(«^/'(«J.-/'(o,)- 
Thus 

S_^ 1 



D (aT,-a,)(a!,-o^...{a!.-«.)' 
where »,&.,, j) is to be a permutation of 1, 2 ... n. This proves 
the theorem as stated at the beginning. 

17. The coefficients in the expansion of the rational fraction 

l+b,x + b,a? + ... 

l + a,(r + a,a!' + "- ' 
in ascending powers of a; can be represented as determinants. Viz, 
if the expansion is 

1+P,a; + P,ic'+... 
we have 
{I +b,x + \3? + ...)=il+P,x + P,x*+...)(l+a,x + a,3^ +...), 
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and hence equating coefficients 



[chap. IX. 



a system of equations to find P^. Tlie determinant of the system is 
unity. Henc^ if after solving by Tiu. 1 we moye the last column 
to the first place, and change the sign of this column 



^. -(-!)■ 



.(-1)- 



o,-l„ 1 
o, — 6,, o,, 



1, 1 

J„ «,, 1, . , . 

.\, o,, a,, 1, . 

i„ Ay a,, (^> 1 



afl we see by subtractiog tbe ^ret-colunin from the secoiul in the 
latter detenniwuit 
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as JACOBIAKS ASD HESSIANS. 



1. 


Ky.. 


y. •■ 


. y„ be n 


functions of the 


riable 


»«,.«. 


'-■ "'^ 


mdif 


-|. 



independent \ 



then the determinant | a^ | is called the Jacobian of the functiona 
y, ... y, with respect to thevariableaiE, ... ce^. The name wa,e given 
by Pro£ Sylvester after Jacobi, who first studied these functions. 

The notations 

have been employed for Jacohlans, each of which has its advan- 
tages. The first renders evident the remarkable analogy between 
Jacobians and ordinary differential coefficients. The second is 
useful when there is no doubt as to the independent variables. 

If the y'a are explicit functions, the Jacobiaa is formed hy 
direct differentiation, 

2. If the functions ^, ■ ■ ■ ^. are not independent, but are con- 
nected by on equation 

*(!/.- J/. -y-)=0, 
the Jacobian vanishes, For if we differentiate this equation with 
respect to x^, we get 



.„Goo;^k' 
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where h~l, 2 ... n. Eliminating 

d^ d0 dtfi 
dy^' dy, '" dyj 

from these equations we get (vm. 3) 

d {y, . y. ■■- yj ^ „ 



dC^, 



-O" 



3. If the functions y are fracUons with the st 
3 that 



[chap. X. 



e denominator. 



ife, (fc, 'ifc.' 

», 0, 





"■■'s-r'-s,- 


du, du 



d(«,...«J- 



Add the first column multiplied hy -j~ to the (»+!)" column, 

and we get 





■"ar. 

■"S 




■«£: 



whence dividing each of the last n columns hy u 

rf{y,-y-L 1 

d(3;, ... irj tt"*' 



du 


du 


'■ *«, -• 


■ d.. 




du. 


■ '<;«, 


dx. 


<;». 


du 






■■<ir, • 


dx. 
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4. The determinant on the right haa been denoted hy 
K{u, Uj ,., ti„). It has interesting properties of its own. For 
example, since the Jacobian vanishes if the quantities y, ... y, are 
related by an equation, it follows that ■ 

«■(., ». ... »J-0 
if a homogeneous relation exists between u, u, ... u,. 

If "t = 7 . 

it is readily shewn that 

5. If the functions y^ ... y„ possess a. common factor, so that 

y, = Uj«, 

d («, ... «J 



«. 

dtt, du 
'■ dx, 'd», 





<tu. du 


i»_ „ dn 



In this determinant multiply the first column by -j-, and 
subtract it from the (t + 1)" column, then 

d{x^ ... w^ 



u, 


du 






du, 


du, 


»„ 


■ s. ■• 


3F. 




i«. 


*,, 




<fa. •■ 


E. 



= 2«' 



,i(«„t 



jO 



-.-■^(», , 



... ..). 



<iC«....«J 

6. If the functions y^ ■■■ y, are given only as implicit functions 
of <r, ... x^ by means of the n equations 

■P;(y. - y„ *i - a'J = ... J-.Cy, ... y„ a;, ... = 0. 

9—2 
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then 

For if we differentiate the i"" of the given equations with 
respect to ar» we get 

dF,d^ dF,d^ dF, dy^ ^ _ dF, 

dy, dx^ dy^ dx^ '" dy^ ' dx^ dx^' 

ThuB b; the rule for multiplying two determinants (rv. 3) 

(_ir |^L|*?'|.|A| 

, '... d{F,...F,) _ d(F,...FJ d{y,...yi 
'■ '' <i(x,...«.)-<i(y, ...yj ■d(x^....y 
which proves the theorem. 

(i) If F, does not contain ir, . . . a?^, , then in the determinant 

d{F,...F:, 

di^,...x^ 

all elements below the leading diagonal vanish, and it reduces to 

dF, dFj dF, 

die, ■ diE, * ' ■ dar, ' 

.(ii) If F.-!,,+f,{x,:..x.), 

"i to, - yJ 

^i d(</,-</.) . d(/,:./. ) 

i(«, ... «J d(x,...it^ 

(iii) If from the given system we deduce by eliminatioD 

Vi-Ai',- ', — '.) 
». = *.&,.»,•■■ «J 









H. 


= *.(.v, . 


.v„ 


«.)- 




Since 




















t 


+ . 




■^t 


^t 


■^l' 
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#, 


*J, 


#, 


dx. 


<to.' 


<&. - 




* 


H. 




(ix. 


dx, ■■■ 


0, 


0, 


f- 



1, 


0, ... 


d*. 




*, 




a. 


-t-- 




' 






It follows then that 



thtisif 

we must have 

i.e. we must have 



d{x^ ... xj dx, ■ da;, ■" da;,' 
d(y. -■■y,) _Q 

dif>^ d<f>^ dif)^ _ f. 
da:, dx, '" da~' 



#- = 



= 0, 



where i is some number between 1 and n. Heace l^^ does not 
contain x,. That is to say, we have 

y< = <^<0'i ■■■ Vi-v '^H.i ■■■ O 

now y^^, = *«.! (yi ■ ■ • y^ a'w •. ■ ^-)- 

Eliminate a;^, between these, and we obtain 

y«=^«.i (Ji ••■ y<. »*« — *J' 

BO that y^^,^ does not contain sc,^,. Similarly we can shew that y„, 
does not contain x^^^, and so on ; Anally y, is independent of x^ or 

Vn^tn^H, -yn-i)- 
So that if the Jacobian of y, . . . y, vaniahes these functions are not 
independent. This is the converse of the theorem of Art, 2. 

7. If 7j...^„ are functions of y, ... y„ and these again functions 
of d;, ...x^\ then 

d(gi ■■■^.) ^ d(^i ■•■ gj d(yi ■■■ y„) 
d{ir, ...a:J d{y^...y^ ' d («,... aij * 
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For since 

dz, _dz, ^1 , ds, d^ ds, d^ 

dx^ dy^ ' dx^ dy, ' dx^ ' ' ' rfy, ' dx^ • 
we have 

I (fa, I I dg, I \dyA 
\ tir, I I dy^ \ \ dx^ \ ' 
which proves the theorem. 

In like manner, if a, ... *_ are given as functions of y, ... y,, 
and these given as functions of lc, ... x^; then 
d(z, ... O - ., 

d\x^ ... a!„) 
But if m<n 

t;(g, ... _^ d(a„ g, ...Q d(y.,y,,y....) 
d{x^...xj d(y„y^ y, ...) ' d{x^,w^ ...wj' 
where for t, u, v ... we take all Tra-ada in n (iv, 2). 

8. If ^ ■■•/» *re independent functions of a:, ... x^i then 
ar, ... x„ are independent functions of/, .../,, and we have 

d(.f, ■■■/:> J (»....«■) _. 
d(.,....j-d(/..../j '■ 

For differentiating/, with respect to/, we must consider a;, ...«„ to 

be functions of/ .../,. Thus 

df, df, df^ ^1 4.^ §^ 
dx^' dfl dx^' dfi^ '" dx„' df^ 

is equal to unity or zero, according as A; is or is not equal ta i. Hence 

\dx,\ • |d?»r 

For in the product only the elements in the leading diagonal do not 
vanish, and these are all equal to unity. 

9. It A = \p\, B-I^l, 

I (W, 1 I "*/ » I 

and A^, B„ are the complements of -P- and -^4 , in these two deter- 
minants we have 

4^' = ^., Bp-B.. 

df, dx, " 
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Also 


d(......J_rf(/„-./0 




^d(A...fJ ,<i(.„...«J 



For we have just Been that 

(to, ■ d/. + (to, • d^ (to/d/; " 

(to. ' d/. ^, ' d^, d^, ■ d^ " 

Multiply these equations by A^t, A^ ... A^ respectively aod add, 
then (uL 11) 

V. 
Similarly we can shew that 



Again we have (T. 6) 

lA, - A. 






Substitute in the left for A^ the value just found, and we get 
d(»,,..0 _^ d(/„,.../-J 
>*(/■■•■/.) «(«„,-».)' 

which on dividing by A*^ gives the result required. 
The laat equation is proved in a similta: way. 

lO, If we suppose the functions/,.../, to depend on *, we 
have by {m. 16) 






(»,jt=.l,2...n), 
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and 


^•=^1^ 




^ = ^^(ll,|-ll,|-- 




-^l(f). 


»' i 


>»«.-=^|,(l)- 


A Bimilar relation holds for B. 
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11. The relations between Jacobianapreeentgreat resemblance 
to the ordinary fonnulie in the differential calculus. 

Thus the formulse 

d(^. ... a„) ^ d(g. ... gj rf(y, ...y.) 

d (x^ ... o d 0/, . .■ yj ' d K "■ O ' 

J (■/:-/■) <^('^.-'r.) _i 

dix,...ccJ-d(/,.../J '. 
are the analogues of 

^ ^ ^ (1 ^ ^_i ■ 
da dy' die dx' dy 

This analogy, which was perceived by Jacobi, led Bertrand to 
devise a new definition of a Jacobian. Let /, .../, be n functions 
of the variables a;, ... «„. Now if we give to the variables n dis- 
tinct series of increments 

d,a;,, d^x^ ... d,ir, 

d,(C|, d,iB, ... d,o!, (1), 



^x'^xf d„a!, ... d„a;„ 
let the corresponding increments of the functions be 

dj„dj,...dx 

dj„dj,...dj, (2). 



d,/„ dj^...dj. 

Then just aa the difierentitd coe£Bcient of a single function of a single 
variable is defined to be the limitiug ratio of corresponding lucre- 
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ments of the function and variable; the Jacobian of the functions 
/ .../, of the n variables jc, ... jb, is defiued to be the|_Iiiniting ratio 
of the determinanta of the systems of increments (2) and (1). 
That this leads to the same Jacobian as before is plain &om 'the 
equation 

^' dX^ ' ' OiC, * ' OiC, * 

which gives (it. 3) 



\dM-\d,x,\ 


■ ■/J 


er definition. 


...y 



according to o 

Using this new definition we can prove all our former 
theorems. Let us use it to prove the first of the above equations, 
viz, the theorem of Art. 7. If the system of increments given to 
ic, ... «, be 



let the corresponding systems for y, -.. y, and ir, ... 
ei,yj ...d^y^ d^z^...d^3^ 



d,^,...d,y. 


d„e^...d,z„. 


Then we have identically 




id,.,\ \d,,. 

\d,^,\ \d,y. 


1 I.;*!. 

1 I<'aI" 


or by definition. 




rf(., ...«J d{i,... 


'.) <;(j....yJ 



d(a!, ... <cj d{y^..:y^' d(x^...m^' ' 

12. We can also, using alternate numbers, obtain a sjrmbolic 
expression for the Jacobian, Irom which the ordinary results follow. 
Viz., y, . . . y^, being n functions of a;, . . . ic„ let 

X = e,jr, + e^ce^ -I- . . . + 6,ic„. 
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^-«^4.*^.. 



iihence (L 19) 






i-'i 






(1). 


But now 

ds dy dt 

srdi-Tn. 




•'■i- 












From which symbolical equation we can deduce 

theorems. 


our former 


For example the equation 




(l)"(|)"- 




gives at once 

d{y,...y.) <«(«,. ...J 


1. 





d{x^...x,) ' d(y^...yj 

13. Jacobians occur in chang^g the variables in a multiple 
definite integral. Let us transform the integral 

to an integral with respect to x^ ... a>^, the functions y^ ... y^ being 
supposed given functions of fr, ... ic.. 

We proceed in ttie manner used by Lagrange to transform a 
triple integral Beginning with y, we have to find the sum of the 
quantities ^dy, , 
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while y,, y, ... y^, remain constant. This gives us 

aa, ' da;, • etc, " 



iy.-pds,+^^d^.+.'..+pd„,. 

Solving this t» find da;, we get {vill. 1) 
J^, %, = t/"„da;„, 
where ' j ^ ^fr g.- yJ . 

Hence we must replace d^, by -^ die,, and * 

/=[... f dy, ... dy„= f... J-^ d^, ... dy^A... 
the limits of x^ being determined from those of i/„. 

In this integral begin by integrating with respect to y^,. 
We have to find the sum of ihe quantities F. y-^dj/„,. while 
?! •" ^fi-si "'» remain constant, so that 





°=l;'^.+-+^'^-. 
»=l;*.^--^<^" 


which gives 


.i!/„ = %f<i..+ - + ^*.„. 



Thus dy^ ia to be replaced by -y^'da^i, and F.-j^dy^ 
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by F. -j^ . -f^ dx^y Hence the limits being properly deter- 
mined /=s I... F-j^dy^ ... dy,^dx^^dx^. 

Similarly if we began by integrating with respect to y,^ we 
should get a system of equations which would give us 

and 

J= I... F-j^ <^y, ■■■ dy,^dx,^_^dx^^ dx,. 

Proceeding in this way we should finally obtain 

2=/... fj^rfyitit, ...(ir,. 

Then we integrate with respect to y„ subject to the equations 
(ir, = 0, dx, = 0...da!^ = 0. 

so that we must replace dy, by -5^ da>^, Le. J^dai^. 
Thus I=(...FJ,da!ida!,...dai, 

" =f...F(^) ^iy-y--y-; <k.d:.....d^,. 

J a ((c„ (c, ... (tJ ' ' " 

F (x) being the result of substituting in F- for y, ■ . . y, their values in 
terms of a;, ... a;,. 

14<. As an example let us consider the following determinant 
of definite integrals due to Tissot, we shall however follow Enneper's 
proof. 

Let a,, a, ... a, be n constant quantities in ascending order of 
mi^nitude, and let 

(».»,-'j""" ■■•(«.- o^ 

where p^, p....p^ are either positive proper fractions or any real 



IS, 14.} OH JACOBUNS ASD HESSUNS. 1 

negative numbers. The determinant to be considered is tben 
D=\J„...J,\ 



where 

Thus 

(exp, «=«"). 

Now let us introduce in place of «,, w, ... «, the n new variables 
y, ... y^, given by the equations 



»=!! I"i. f", r-, 1^(1,... »J eip, (-«,-...-0 



Ji_ + _&_ + ....+ . 
«_ - ((, a, — a, i 

Then by IX. 13, 
jid hence 

diT, (B, — O. 

Thus by IX. 11, 
i(s,-V.) . „ „|^_| 



-I '' /W/W ■••/(«.) ■ ■ 

<'&.-y.) _ j;'('^,-«J 
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Hence in the integral we replace dx,... dx^ f* (ic, . . , a: J by 



Now if we write 








^.W = 


■(»-»■,)■•. 


(«-«.){«» 


, -3 


:)...(..-.) 


we have 












■■y.'-y 


*,(«,)*,(« 


■,) ■•■ 


*.w 




.'W'-f.'C", 


,)"•• 


•■f; (».)'•■ 


Hence 












?*(»,■■ 


•'■> i. 


f?r 






*,w- 


*.W ' 






is replaced by 












iy,...d,. 


, f'K. 


..«.) 





Again le, ... ic. can be regarded as the roots of the equation 

_!6_ + _!!,_ + ... + J^ = l, 
a — a, s — a, ■^ ~ **■ 

the roots of which lie between_a, and a,; a, and a, ... ro. and co . 

Hence y, •■• y^ ta^e all positive real values. Also we have 

3;, + a;,+ ... +a'„ = y;+y,+ ■■■ +y, + «,+ -■• +a«- 

And our integral reduces to 

(- l)""''"^j:^ (a. ... CT.) exp. (- a, - ... - aj 
/','(a,)«...^;(a,)i'- 



p exp.(-y.-..^-yJ 



^ (-1) ■'r(i-i>.)ra-p.)...f(i-pj ^.^.^_„_^ 

{^/(aJ'P'-i ... i';(a„)^P--»l* 

15. If u be a function of n variables ir„ 0^ ... iv, and y, ... y„, 

its differential coefficients with respect to these variables, since 
dy, _ d^ f^^\ ^ (?*» 
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The Jacobian of ^, ... ^, is a symmetrical determinant formed 
from the second differential coefficients of u. This determinant is 
called the Heasian of u after Hesse, and is denoted by H (u), 
so that 

•ffM-l»J. 

The Hessian of u will vanish if the first differential coefficients 
of u are not independent (Art. 2). 

• For example, if 

It tz a;,Vj* + w*x' + . . . 4- ce'te' + . ■ ■ + ^-i^*, ' 

^ = 2(a:,'+ ... +3^_,+;i^„+ ... +0. 

<Pa 
dx.dx 



- = 4a!^, ; 



.:H(u} = 



2(aTj' + a^*+...+a;„'), ix^x^ 



Or dividing the i^ row by %£„ and the A* column by 2x^ 
JJ(»)-(2X«,..."».)' < + ».■...+»■' , 



This is a determinant of the form of that in iii. 25. If -we write 

3<r = (c,* + a;,* ... + x^ 
V = (tT — fljj') (o- - a;^') ... (o- — a:,') 

^{«)=6-i;|l + |X^^j. 

If « = ay + y'i'+2V, ■ 

tMs gives 

H («) = 24 {Oxy^ _ (a? + ^ + a') u}. 

16. Jacobians and Hessians belong to that class of functions 
known as covariants. That is to say, if these functions are trans- 
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formed by means of a linear substitution, the Jacobian of tbe 
transformed functions is equal to the Jacobian of the original 
function multiplied by the modulus of the Bubstitution, and the 
Hessian of the transformed function equal to that of the original 
function multiplied by the square of the modulus. 

Namely, if the variables be transformed by the substitution 
«'<"0„f, + Oaf,+ ... +a»,f. (t=l, 2 ... n), 
the determinant | a^ | is called the determinant, or modulus, of 
the transformation. 

If the functions y, •■• y. of a;, ... a;, when transformed by this 
substitution become the functions y,', y,' ... y\ off, ... f,. Since 







■■•+t«-.. 


^1: 


it. 


it follows from the multiplication theorem that 
d{y;...y.')^d(.y,...y.) . 
d({,...fj .JK...*.)!"'! 





which proTOB the theorem for Jacobians. 

The theorem for Hessians follows from this, viz, if u be the 
original and u' tbe transformed function. Since the Hessian of u 
du , 

, /du' du' dd\ 

* ' d(i„ t, ... ti 

<%■■■%) 

dXfd^^ d^^dw^ ' 
du\ 



\da!, dmj . 
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./du du\ 
■Hi-'.) 1°' 




-fl-M.|o.r. . 


17. 


If we have n linear fiincjions 




»,-6„«,+ ...+6„;r.(i.I, 2.. 


clearly 




Itu 


is a quadric function 




" = ^,V+ ■■■ +26„iB^,+ 


then 


i?(") = 2"|6J,(6„ = JJ. 



The symmetrical determinant on the right, which is called the 
discriminant of the quadric, is therefore an invariant which on 
transformation ia multiplied by the squaie of the modulus. 



10 
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APPLICATI0N8 TO QUADEICS. 

1. Thb general quadric function in n variables «;,...«, is 
denoted by 

the coefficient of a;' being a^, that of ix^x^, a^, and we suppose 



By X. 17 the symmetrical detenuinant il = | a^ j is propor- 
tional to the Hessian of u, and is hence an invariant, it is called the 
discriminant. On transformation it is multiplied by the square 
of the modulus of transformation. 



Let us write 



, du 

= a X +a x, + .. 



+ <»<n'^. 



2. If we form a new quadric whose coefficients are the com- 
plements oiOa^A, viz. 

U is called the reciprocal of the given quadric. We may also 
write it in the form (lil. 25) 

P" — 0, y, :..y, 
y^y Oj, ... o,^ 
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Since | jI^^ | = ^4""', and if «„ is the complement of A^ in this 
determinant «u = Ou'4''"' (v. 6), we see that we can write u in the 
form 

0, a:, ... 



ic,, A^j ... j4, 
0, w, ... w. 



as we see by multiplying the last n rows by a;, ... a;, and subtract- 
ing their sum from the £rst. , 

3. If ^ = 0, since then 

A\ = A^A^. 

it fuUows that 

is a complete square, and that the lineo-Iinear iimctioD 



y.. ^« - ■ 

= 2.4„y,ir. 
= -S.JT„y,.XjA'^x, 
ia the product of two linear factors. 

4, The reciprocal quadric U is the first of a series of co- 
variant qualities. If the variables x^...x^ are transformed by a 
linear substitution 

«( = <'« ""i' +c«*»' + -" + <'«^-' W (t = l. 2...n), 

10—2 
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then the function 



[chap. XI. 



...+<(c„y, + c„y, + ... + c„y,) + ... 
■ Hence, if we have a series of quantities y/ . . . y^ given by 

S'.' = ''i.3'i + '?«3'.+ — +<'..2/« (2) (i=l> 2...n), 

the function %c^y, on transformation becomes changed to Xx,'y,', 
and BO is absolutely unchanged in form by the transformation. 

Now observe that in the substitutions (1) and (2) the deter- 
minants of the transformation are identical; only the columns of the 
determinant of (2) coincide with the rows of the determinant of (1). 
Also in (1) the old variables are given in terms of the new, in (2) 
■the new variables are given in terms of the old. The variables 
iT, , , , ic,, y, ■ . . y, are said to be contragredient. Any function of 
the coefficients of u and the quantities y,.><y„ whose value on 
transformation is equal to its original value multiplied by a 
power of the modulus of transformation is called a contra- 
variant. 



Thes< 



ni-differential coefficients t 



. w„ are contragredient to 



5, If the p sets of n variables 



are contr^redient to the variables x^...x^, then the series of 
determinants 



■K,- 


o„. 


• <■,.. y„ 


••& 






■v.. 


■ ■ j„ 


are contravariants. 


fc ■ 


■?» 
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For, let us consider the quadric function 

V= Soa^i'^i + 2i, (a:.?,, + . . . + cc^y^) 

+ 2i,Ca!.^„+ ... +^,y^+ ... + 2(, {x,y,^+ ... -<-a;„yJ, 

vheiiQ the variables a;, ... j;„,i, ... i, are cogredient (i.e. traosformed 
by the same substitution), while y^ are contragredient to theae. 

If we r^;ard F as a quadric in n+p variables a!j...a;,, (, ... (,, 
R^ 18 its discriminant. Let us transform it by means of the sub- 
stitutions 

X =e„x' + ... 



t = t' 



■ + c«y- 



Ci=l, 2...n) 



j5:=1, 2. ..p. 

Then the determinant of the transformation for x, t is 
,., ...0 =i c^l . 



■ c„, ... 
, 0, 1 ... 



In the transformed fiinction V, the terms multiplying t, are 
unaltered in form. Hence, by Art. 1, 

Thus B, is a contravariant. Since on transformation it is 
multiplied by the square of the modulus, it does not change its 
sign. 

6. If jj = 1 so that we have only one system of y's, then B^ ia 
the reciprocal quadric. If for uniformity we denote the discri- 
minant by ii,, we have (ill. 25) 



B, = -X 
And in general we have 



y.y.- 



dR. 
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fl, = C-i)~| 



■y,. 



while iZ, Tftnishes identically if ^ is greater than n, as we see by 
reBolving it into the sum of products of complementary minors of 
order n and p. Thus we have the series of functions 

containing 0, 1, 2 ... n series of variables j/, and of orders 
n, n— I...l,Oin the coefficients of the quadric u. 

7. The determinants B^ are of great importance in the dis- 
cussion of the properties of a quadric, and especially in the reso- 
lution of the quadric into the sum of squares of functions linear in 
the variables a, ...«,• 



If t 
write 



, are the semi-differential coefficients of u, let us 



We must remember that U, = identically. 

Also let X^ be the determinant obtained from U^ by erasing the 
(n +P + 1)* column and (m+p)* row; or the (n+p + l)" row and 
(n +py column. 

Since in any determinant of order m, we have (v. 7) 
^ (fZ) _ dP dP dP dP 

we get by applying this to U^, (m=n+p) 
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In this equation write j) •■ », » — 1 ... 1 , 0, and remembermg 
that P, = 0. U„ = -R,u, 

we get the series of equations 



p„ x: 








f.-,_ XI. .u^ 




f. x: n 




TirT^,*t- 




x; x; 


X.' 


R,R, jpr,"-"; 


CS 



Now the quantities X^ ... X„ are linear functions of «, ... «„, 
i.e. of ar, ... x^; hence we have resolved the given quadric into the 
sum of the squares of n linear functions of the variables is, ... x^. 

Also the number of positive squares in this sum is the number 
of variations in sign in the series 

. R^, B, ... R,, 
and these being unaltered in sign by a linear transformation we 
have the important theorem, that if a quadric be linearly trans- 
formed to the sum of n squares, the number of positive and negative 
squares is always the same. This theorem, due to Sylvester, 
has been called by him the law of inertia of quadratic forms. 

8. The discussion of the preceding article, due to Darboux, 
requires modification in certain cases. For example, if the minors 
of order p — 1 of the discriminant vanish, then all the functions 
£g ... Rp_^ inclusive vanish. In this case Darboux has shewn that 
u can be resolved into the sum of n —p squares, viz. 
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9. If ft quadrio, by means of a linear traiisformatioD, has been 
reduced to the sum of n squares, 
« = tajxf^ 
= A^y* + A^^-k- ... + A^*; 
the diBcriminant of the right-hand side beii^ A^A^... j1„ if /* is 
the modulus of transformation, 

A^A^...A, = (^*\a^\. 
Two given quadrics 

u = Xa^x^^ , V = %h^^, 
can by a simultaneous linear transformation 

'»<='C„j/, + c^,+ ... +Vy, (i = l, 2...n) 
be reduced, each to the sum of n squares of the same linear func- 
tions, viz. 

«= A^y^+ A^^+...+ Ajf* 
V =s^A^y' + s^A^' + ... + 3„A^J; 

for in order to determine the n* constants, c^, we have first 
n (m — 1) equations from the fact that the coefficients of the 
products yj, must vanish, and n additional equations from the 
condition that the ratio of the coefficients of y* is to be s,, in all 

n' equations. 

If we form the discriminant of su — v, its value for the original 
quadrics is 

I »•-*.! (1), 

and for the transformed quadrics 

^/...A{«-».)(s-sJ... (s-O (2). 

The ratio of the quantities (1) and (2) is /**; hence 8, ... a, are 
the roots of the equation 

A(.)-|»<..-S.l=0 (3). 

10. The following resolution is due to Darhous. 
If we write 

F=su-v, X, = \^ = su,-v, (4), 

D,3,l,:.^.,GOOt^lC 
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we have identically by Art. 2 
A(s) 
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„-6„ 



•■ ^f^w"^!. 



..(5). 



. sa„— b, 
X, ... X, 
The determinant on the right is a fnnction of s of order n 
resolve the fraction into partial fractions, and we get 



1 


*ftl ~ ''il 


■■"fh.-K 


X, 


A'WC»-»J 




X, . 


• X. 


X. 



The determinants on the right are all perfect squares by 
Art, 3, for they are obtained by bordering the vanishing determi- 
nant A (s). Whence 

where U, is a linear function of the form 

If in the determinant (6) we replace X, by its value from (4), 
and subtract from the last column the first n multiplied by ic, ■■■'*',• 
and do the same for the rows, the value of the determinant is 
, du 



dx' 



unaltered, but X, is replaced by J (« - ^) 

A term is also introduced in the principal diagonal in the last 
place, but since its minor vanishes by (3) we may replace it by 
zero. Thus 0] is replaced by 

du , J du\ 

"da; 



where V, is independent of s ; 



'S) 



A'W 



Equating coefficients of a we get 



A'W 



which is the required resolution. 
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11. An important branch of the theory of quadrics ia that of 
th^ir linear automorphic transformation. That is to say, as the 
name implies, the discussion of those hnear transformations which 
do not alter the outward appearance of the quadric So that if 
a, ... a;, are the original, and y, ... y, the new variables, 

%agfc^^ becomes 2(i„y^j. 
Without entering into a discussion of the general case we shall 
study that particular one which gave rise to the whole theory. 

In the transformation from one set of rectangular axes in space 
to another with the same origin, the distance of a point from the 
origin is the same, expressing this for the two systems 

(B* +y' + «' = a:'' + y' + V*, 
such a transformation is linear and automorphic, and is known as 
an orthogonal transformation. 

12. The general case of an orthogonal transformation is to 
determine those linear transformations which give us 

'^i' + ^»'+ •■■ +^,' = y* + ^3+ ■■• +y*- 
The theory is due to Cayley, but we shall here give it as modi- 
fied by Veltmann. 

Let us consider the following equations 

&„a;, + 6^,+ ... +K^^=Kyi + K^, + — + ^^n 

where the system b^ is skew, so that 

K = -^». K=z (2). 

The rows of coefficients on the right coincide with the columns on 
the left. 

Let -B = I 6u I = I i« [ > 

BO that £ is a skew determinant, let 5„ be the system of first 
minors. Solving the system of equations (1) we get 
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The coefficient of ar, in y, is given by 

Bc^ = B^b^ + BJ}„ + ... + BJ^. 
If a = B„ba + BJ>^+ ...+BJ^, 

then £c„ + s=aB^5u. 

Now « = S or according as i is or ia not equal to k, thus 

2B^ 2B^-B 

% = -£-. ««-— B— • 

In the same way 

Thus c„ = d«, 

and we may write 

Vi = CgO:, + c„fl;, + . . . + Cj,ir, 

■^l = "1(^1 + '^uVt + •■• + O^iVm- 

Substitute for a;, ... w^ from the second of these systems in the first 
and equate coefficients of y^ and y, on both sides, thus 

*=«' + "„" + .■• +C = il 

c„c„ + c„c„+...+c„c^=OJ' 
If we substitute from the first system in the second, we get 
Ci' + c„'+... +c^*=ll 

Whence we see at once that 

and thus the coefficients c^ are those of an orthogonal sub- 
stitution. 

13. By the preceding article we are able to express the n* 
coefficients of an orthogonal transformation by means of the 
^ R (n — 1) quantities 

6„ ... 6^ 



by forming a shew determinant with these, the elem^its of whose 
leading diagond are equal to z. 

DigmzecDyGOOt^lc 



156 



THEORY OF DETERMINANTS. 



[chap. XI. 



For the case n = 2, let 

B = \ 1, X| = H-V; 

the system of first minors is 

1, X 
-V 1. 

Heiice the coefiGcieuts of a binary orthogonal traosformation 
are 

1-X' 2\ 

1+X*' 1 + X" 
-2X 1-X' 
1+X*' 1 + X'" 

For a ternary orthogonal transformation 



B = 



-X, 1 



= 1 + X' + u' + 1^ ; 



the system of first minors is 

1 + X', p + X/i, — fi + Xv, 

— V + XjUr, 1 + /*', X + ftV, 

fi + \v, ~-\ + fw, 1 + w*. 
Hence the coefficients of the ternary orthogonal transformation 





^ B • ^ B ' 


.--^^ 


l+/*"-X'-i^ 0^ + /*" 

B ■ ^ D ■ 


2--^, 


„-\+Hv l + v'-X'-fi' 
^ B • B ■ 


If we write 




\= cos/tan 4^, 


/i = cosjrtan^d, 1' = cos A tan ^0, 


where cos' 


/+coa'3+co3'fr=l, 


and 


.-. B = see'^ff, 


■we get Eodrignes' formulEo. 
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For the quaternary orthogoDal transformation 



B = 



. 1. 

- 0'< 

~b, ■ 



-f> 1 



Then 



where 6 = af+ bg + ch. • 

And the system of first minors is 



5„- i+/'+^ + A», 
B^^ = -a-fB + cg-hk, 
B„ = -b-cf-gd-i- ah, 
B„ = -c + bf- ag- he, 
^.9= b+gd-cf + ah, 
B^= h+fg-\-cd-ah, 
B„= l + g'+c* +a', 
B^ = -f+gh-bo- aff. 



B^^= a+fff-bh+cg. 
B„= l+Z'+f+c*, 
B^=-li+/g-ah-ce. 
B^= g +fk -i-b$-ca, 
5„= c+ke-ag+bf, 
B^ = -g + k/-ac~be, 
B^= f + gh + ad-bc, 
.B„= 1 + k' +a*+6*. 



Thus the coefficients of the quaternary orthogonal transforma- 
tion are . 

£c,, = 1 - ^ +/* - a* + 3" - ft' + A' - c". 
Bc„=2^a+fe-bh■^cg). 
Bc^, = 2{b+90-cf+ah), 
Bc^^ = 2{c + he-ag+bf), 
&c. 

14. The square of the determinant of an ortbi^onal substitu- 
tion is unity, for 

I «„ i"- I d. I, 
where d^ = c„c„ + c„c„ + . . . + c,^c^, 

i.e. d„=0, d„=l; 

where e means ± 1. 

15. If G^ is the complement of c„ in C, then 
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For we have the system of equations 



Multiply these equations by C^, €^...0^ and add, the co- 
efficient of Cq is e, the others raniah, thus 



16. Any minor of the system c^ is equal to its complementary 
minor. 

For |Cf..- C'.r| = ^'|V,«.- V,J 

\g„ ... C„\ ft , ... c„ 



by v. 7. But 

I 0„ ... G„ 



by the theorem just proved. Hei 

e|c„...c,,| = | 



17. If A'"'' = I a^ I B""' = I 6jj I be two determinants of orth.o- 
gonal substitutions of order n, then the determinant 

P{\,^)= [Xa„-|-^6„| 
is not altered by interchanging X and fi. 

For the symbolical expression for P (X, fi) is 

as in V. 8. And as there proved 



P{Kl')-A»Jf>\^+''^\ 
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Or, if ^'"'=1 = £*"', we have by Art. 15, 

From this we see, that if from the coefficients of an orthogonal 
substitution of order n we subtract the corresponding coefficients of 
another orthogonal substitution of the same order, the determinant 
formed with these differences vanishes if n is odd. 

18. If we take n quadrics in n variables we may conveniently 
represent them by the system of equations 

u, = %a^XjX, (i, J, A = J, 2 ... n). 

With the coefficients a^ we can form a cubic determinant of 

order n which will bean invariant of the system of quadrics Mj... w„. 
Zehfuss has pointed out that. for three ternary quadrics this gives 
Aronhold's invariant, whUe the auxiliary expressions he gives for 
its calculation are the cubic niinors of the second order. 

For the two binary quadrics 

ax* + 2hxy + cy", 

it is the harmonic invariant 



The general theorem is that for n, Ji-ary p^ the determinant of 
class {p + 1), which can be formed with their coefficients, is an 
invariant of the system. By allowing all the quantics to become 
identical we get an invariant of a single quantic when it is of even 
order. 
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CHAPTER XII. 



DETEBMINANTS QF FUNCTIONS OF THE SAME VAEUBLE. 



1. If y„ y, ... y, axe functions of a variable !C, 


and if 


the determinwit 


2 +»,!/,'".. •!/:-" = 


y, . y, - y. 


■ 






jT", </r' - si- 






i>y-0(j,.y.-yj. 


2. If y is any function of x, and we multiply the abovedeter- 
minant by 




y , , ... 


-V. 




y'". J . ... 
r. 2/' , y -0 






sT", (I- i),y"'. 


(n-l),S'"'...jr 





combiniDg the coliunns of J) -with the rows of the latter, we obtain 
^ to,, yy, ■•■ sy.) ='3''-0(y,. y, ... yj. 
Iq particular if we put yy, = 1 in the determinant on the left, 
all the elements in the first column vanish, except the first, which 
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is unity, and the determinant reduces to the determinant of tlie 
n—l functions 



m- 


(y„ y,) 


•SW 


.:0(y„yJ 
y," 


If therefore we put 








i(y,. 


y,)-y.' 


-Ddi., 


y.)-y.'. 


then i>(y„ j, . 


..y.=,-^ 


r-Bfe,', 


y.--y.T 



3. If the functions y^ ... y. are connected by. any linear 
relation 

it is plain by differentiating this n—l times, and eliminating 
c, ... c„ between the original and these n— 1 new equations that 
we get : 

■D(y,. ^, -yJ = o- 

Conversely if the determinant of the functions y, . . . y, vanishes, 
then they are connected by a linear equation with constant co- 
efBcients. We shall prove this by induction; we shall assume 
that if the determinant of w— 1 functions vanishes, these functions 
are linearly connected, and we shall shew that the same is true 
for n functions. If y, does not vanish, which would be equivalent 
to a linear relation among the functions, it follows from the pre- 
ceding article that since 

we must also have 

■DCy,', y;...y.')=0. 

Hence by hypothesis the ti — I functions y,' ... y,' are linearly 
connected, i,e. we have 

Dividing by y,' we get 

or integrating 

c,i/, + cj/,+ ... +c^, = 0. 
S.D. 11 
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Thus if the theorem is true for n — 1 fanctioDR, it is true for n, 
but it ia clearly true for two functiotiB, and hence generally. 

4. From the formula 

■DCy,. y, - yJ --.^^(y/. y,' - y-'). 

it follows that 



^(y,. y.. y.)=-^(y.'. y,') 



The same formula also gives 

■0(y.'. y.' ■•■ y-')=pFi-Ol-D{y.', y.'), ■D(y,'. y/) ■- -DCy,'. y:)!- 

CombiuiDg these formulfe, we obtain the equation 

■0 Cyi. y,. y.) ■-■ -D (y^. y,. yJl- 

By repeated application of this method we should obtain the 
theorem. 

I£up u, ... u„ tt,, f, ... f„ be (unctions of sp, and if 
«f, = i?{Mj, w, ... «^, «j)(t=l, 2 ... n), 

then i>{tti, «, ... «„. "i, V, ... '"<,) = (/,/ ■ — ' ^• 

5, A special case of this theorem is 

■D(yi---y*-.. y**i ■■■y- y*. y) 

.Z>{Dfy, ...y^i, 3/,ti...ff., ,y,).P(y, ■■. y^„ y.^, ... y.,.y)} 

^{y, ■■■y.-i. y**i---yJ 

which we may write in the form 

^(y. -y... y)^<y. -y.-.. y^ -y.) _ <^ - D(y.y.-yi-...v.^i-yJ 
■D (y, - yJ -0 (y. ■- yJ dx jjiy^ ... yj 
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independeDt, let 



AsaumiDg now that the fanctiona y, ■•• y. 
11E write 

■0(y. -yO 



■(-1)" 



,. -P(y, y, -y.) 
■0(y,— yj 



then the above equation can be written 

..P(y)-^i'(y,'J. 

6. The determinant 

. y. - y. 

\ vr -. y,"' 

vanishes if A < M — 1, but if h = n—l ita value is i>(y,, y, ... yj. 
Expandii^ it according to the elements of the last row we get the 

system of equations 

VA + yj't + •■■ + y-*- =0' 
3i\ + y,"\+ ■■■ + y,'X =0 



%+- + y-'"""2,=i 



..(A). 



If we write 8^ = y.'^a.'" + y,'''*,'" + . . . + y.^'z.'", 
can write these moi-e briefly 




Now we have 








--^- = «„ + 2vu + V.i 




^ = V + ^.-u + AA-«+-+V 




Li. 


11^2 
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If fc < » — 1, it follows from these equations that 

V=0> if a + /9<n- I. 
If A = n - 1, it follows since 

(l-l)'.l_r + r,-,., + (-l)'-0 
that fl,,,j. «,_„ ... are alternately equal to + 1 and — 1. 
li k = n, we conclude in the same Way that 

<-o = - fi— u = ««.« = •- =C-1)'»»,- 

Hence w© get the following theorem : The expression 8„ is 
equal to zero when ^ + j<n— 1, and equal to (—1)' when 

7. Amoi^ the relations just .estahlisbed we have 
^i!/. + ■^^i + ■■■ + ■2-y« = 



..(B). 



If i>(z„ e^,.. ej = vanished, it woidd follow that since 
«(,= 0, a„ = ... 8«_, = 0, 
then Si,_, woidd also vanish, while its value is (- 1)""'. Thus the 
functions a^, z, ... z„ are not linearly connected with each other. 
Comparing the systems (A) and (B) it appears that the relation 
between y, ... y„ and z^ ... z, is a reciprocal one, if we neglect the 
sign when « is even. From each relation between these systems 
we deduce a mew one by interchanging 

Vx> Vt — y.' ^1. ^•■- ^. 
with (- Vr\. (-1)"-'^, ... (- 1)-'^., y„ y. ... y,. 

Thus from the equation 

we deduce 

"• ( '' i)(.,..,...0 ■ 

In consequence of this we shall call z, ... «, the conjugates of 
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e form the product by rows of the two following deter- 



y, 


■• y.. y», • 


• y. 


y," ■ 


■• y.». yK. . 


• y."' 


1 .. 


••y.".y;,"- 

0, 


... 


.. 


1, 


... 



the first of which ia D(t/i ... yj, the second D (z^ 

... y„ s„ ... s,^ 



. «J we get 



In this determinant the block of elements common to the first 
k rows and last n — it columns all vanish, whence it reduces to 



The first of these"=i){y, ...yj, in the second all the elements 
to the left of the second di^onal Tanish, whence its value is 

(n-B(n-t*l | 

(-1) ' V«»»M.-**.H»-i 
= 1. 
Thus we have 

*(y,-yJ.0(v.-O=.0(y,-.y.). " 

If i = we have 
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9. From this last equation we get 



[chap. xil. 



= (- !)• 2> (y, y, ... yj /) K, i, - '.)■ 



PW = (-1)" 



= (-!)■ 






■V. 

>".!','"'•■■ y.' 

y. »». «o-»»-i 
»".•«„.«„■•••■« 



I, . 
0, «, . 


. 


0, s,""' . 


■ "J""' 



Similarly we should get 

P(e) = {-1)-| ^, 






... 8^ 



10. These determioaQts occur in the theory of linear differ- 
ential equations. Thus, if we have the equation 

where the quantities a^,a,...a„do not contain y. Then if y^ ..^ y^ 
are n particular integralfl, we have the n equations 

o,j,+a,i/™+... + a,i/,'"'-0 (i = l, 2...n), 

ehminating the a'a we get 

y, y«'...yi« -0, 



y..y. -y.' 
.Ob.!',...y.)-o. 
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If we solve the equations for -'^ we get 

I ?!• ?,'"■■■»,'"■''. 3//"' I lyi.y"'---!'.'""" | = _??ri ' 

1 y.. yJ" ■ ■ ■ yJ"^. yJ" I I y,. yJ" ■ ■ • yJ"" 1 
■D(y„y,...y,) = exp. (-J^'tiaTJ. 

11. Though not immediately connected with the subject of 
the present chapter we shall give Hesse's solution of Jacobi's 
differential equation. 

This equation is , 

where A^ = a„^+ a^ij +a^ (i = 1 , 2, 3). 

We can write the equation in the form of the determinant 



f, V. 1 
df, dt}. 



= 0. 



Now let f = - , v~ ' Mid the equation becomes 



sx - /«, «y — y/, 
J„ A^, A^ 
Multiply the first row by / and add it to the'second, thia 
divides by «, and we get 

"!, y. « 
<^. y, e' 
A^, A^,A^ 
Now let us multiply this equation by 
«,. ;8,. 7, 

«•. ft, 7, , 
".. A. 7, 
and let P, = ''i* + j8iy + 7,e. 
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Alao asfiume thiit 



[chap. XII. 



Pi- P,> Pi 
dp,, dp^, dp, 
^iPi- \Pi' V>. 



= 0, or I log p,, log p,, log p, 

-1, 1, 1 . 



dp, dp^ ^ =0, or I log p,, log p., log p. =C, 

Fi' Pi' Pi 

1, 1, 1 

\, \. K 

or, lis we may write it 

p,^-^.p^^-^-.p,''--^=C. 
Since we assumed that 

^,a,+ J,/9,+ il,7,= Xj),. 
Equ&tiDg coefficients of x, y, e 

0, (o,i — X) +y9,(i„ + 7,iij, = 0, 
a, a„ + ^, Ca„ -X) + 7,a„= 0, 
"i «.i + /^iCtn + 7, (o„ - X) = 0. 

Hence eliminating o,, j8,, 7,, we see that \, \, \ are tbe 
roots of the equation 

0,,-X, a„, a„ 
ii. ('■„—\ o» 
„, a„, tt„-X 
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CHAPTER Xin. 

APPLICATIONS TO THE THEOBT OF CONTINUED FRACTIONS. 

1. The application of the theory of detenmnants to continued 
fractions is one of its latest developmentci, and gives great fadlity 
in the discussion of these functions. 

As usual in English mathematical works we shall denote the 
continued fraction 

0, + --- &; 

b, b, 6, b, 

^ a,+ o,+ a,+ '" +o,' 

Such a fraction is called a descending continued fraction. 
In addition to these we shall discuss a less known form of 
continued fractions, which, however, is historically the older form 
of the two, namely, the ascending continued fraction 



which, iu an analogous manner, will be denoted by 

o, o, "" o, " 
Our object is to establish a determinant expression for the 
convergenta to these two forms, 
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2. If we write down the system of equations 
b^x = a,fl;, + *j 



[CHAP, xm. 



Hence -^ is the continued fraction 

« 

«i+ «,+ '" 
S. If we are to determine the n" convergent, i.e. the value of 
the fraction when we stop at — , we muBt suppose that ic,«, and 
all succeeding x'b vanish, whence we have tlie system of equations 

= — 6^, + o^, + (E, 
= — bjc^ 4 0.^, + x^ 







0- -i.«.^i + »A. 






a, , 1 , ... 


if, = 


s,«, 1,0... 




-*,. a, , 1 ... 




0, 0, , 1 ... 




,-!.., o, ... 




0, -*..».... 




, 0, ... (.._,, 1 


, 0.0... -S„ o. 




, 0, ...-6., a. 




Thus 


1.6, 


«, , 1 ... 0,0 
-i„ o, ... 0,0 


-^ 


o, , 1 , ... , 
-6„ o, , 1 ... ,0 ■ 




"6","6".'.'."o^!.',',"i 
0,0... -J„ o. 




, - 6,. o, ... 0.0 




, 0,0... o._„ 1 










, 0,0 ... -t., o. 
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Or 


t=£-y 




Where 








P.-K 


», , 1 . 0, 


..0,0 






- i„ a, , 1,0 


.. 0,0 






, ~b„ a,, 1 


..0,0 



. , . 0, ... o._,. 1 
, , 0, 0... -6,. < 

if we expand (m. 24} according to the elements of the last row 
and column. 
Similarly 

a, , 1 , 0, 0.., 0,0 
-6„ a, , 1, 0... 0,0 
, -6,, o„ 1 ... , 



, 0,0, 0... o^„ 1 
, , 0, ...-B„ o; 

Since p, = &i^^ , we can write the convergent in the form 
».£_(log!.). 

4. The determinants of the form j, have heen called con- 
tinuants by Mr Muir. Since 

if tt, is the numher of terms in the continuant of order n 

**■ = w»_i + u,^, 
an equation of differences which gives 

Since w, = 1, w, = 2, we have 

u,= {{l + VS)-*"- (1 - VS)""! -i- 2"*V5. 
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It is easy to shew by the biaomial theorem that this number is 
an integer. Fro£ Sylvester obtains this number in the form of the 
series 



l + (n-l) + 



(n-2)(rf-3) (>i-3)(n-4)(n-5} 



1.2 



1.2. 



5. The value of the continuant g^ is the same as that of the 
determinant 

g,'= a,, c^, ... 
d^, a„ c, ... 
' 0, d,, Of, ... 



provided only 



0, 0, . 



. Cr = l, 2. 



This is clear if we expand by ni. 24, according to the elements 
which stand in the last tow and column. For then 

while jj' = y,, q^ = iif- Hence 5/ = 5„ the equation of differences 
being linear. 

Thus we can also write 

2, = o.„ - 1. , 

&,, o, , -1, 

0, ft, , o, , - 1 

0, 0,6,, o. 



6. The value of the continued fraction is not altered if we 
replace 

6,, a^, 6^, 
by Ai,, ka^, i6^j. 

For the quotient ^ is unaltered if we multiply numerator 

and denominator by any the same number. If we multiply both 
by k, the row 

... -6^, a. 1 ... 
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in each is replaced by 

... — i6,, ia,, k ... 
and by Art. 6, in place of the last k, we can write iinity if we 
replace 6^, by Afi,,,. 

Since tben we can write the continned fraction 
Jl A. A- 
in the form 



Ff 1+ T+ •" +■ 



9, can be written in the form of the skew determinant 
k . a, . 
— a„ k , a, 
,-«„ k 
, ,-ff„& . 



V(fc 



■b^\ 



Thus the coDvetgents to a continaed fraction can always t 
represented by the quotient of two akew determinants. 

7. In any determinant D we have 

J d-J ^dj) dP Sh dP 
da^^da„ da„ da„ da,^ ^„i' 
For D take the continuant q, (Art 5), then 

<eP _1 dP^ ^ = 1 

do,, ' ' " do^ ^ '' 
Thus ?»P«-i — 7n-iP« = (~ 1/"''A ■•■ *■■ 

8. In the case of the ascending continued fraction 

Jj+ K± 
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it is clear that if tlie fl"* convergent be — , the scale of relation is 



To determine p, 
Pt 



J, = a,a, . , , a,, 
have the system of equations : 



= 6. 
= 6. 



~ '^H-lPn-l +P.,-1 






The determinant of ttiis system is unity, all the elementa to 
the right of the leading diagonal vanishing ; 



1 , 0, ... 
-a,, 1, 0... 
,~a„l... 



. K 
, K 



0, 0... 
0, 0... 



K 



Multiply all the colnmna except the last by — 1, and move the 
last column to the first place ; the determinant is unchanged, thus 

p,= h' -h ...0, 

t,, a,, - 1 ... O; 
6,, , o, ... 0, 



b„ 0, ... 0, a. 
The n" convergent to the fraction is 



The number of terms in p, is n. 
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■9. By means of these determinant expressions for the conver- 
gents we can transform an ascending continued fraction into a 
descending continued fraction. 

In the determinant p„ of the preceding article multiply the r* 
row, beginning with the last, by b^, and subtract from it the 
(r - 1)" row multiplied by 6,, and do this for all the rows. The 
deteiininant is altered by the factor 



and 


b„ -1 , ... 
0, o,S,+J„ -6, ... 
0, —0,6,, o,6,+6,... 






SL 


0, , 
0, , 
0, , 

milarly, since 


) ...«„A-.+ 6— . -b. 
) ... -o„,6.., ,o,.,S.- 
)' ... , -0. 

fl,-". 

o„ -1, ... , 
0, 0,, -1 ... , 
0, , 0, ... , 


+b.. 
A 


, 
. -b... 

1 ^J>n-&K 




0, 0, ... ii._„ -1 
0, , ... , a. 





= k\ a, , -I , 
— 0,6,, a,&, + J,, — 6, 
, -a,b, , 0,6, + 6, 



I , , ... -a,_A. »A-i+&, 
Nov on inspection it is clear that these determinants j>, and 
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5, are contiQuaiitB as deBoed in Art. 3, whose 2°*, S"" ... (n — 1)" 
rowB have been multiplied by 6,, 6, ... t,_, respectively, also 









P.= 


^1: 






Whence 


by Arts 


3iud6 










.A- 








a:, 





, A-A- 



which gives us a rule for transforming an ascending continued 
fraction into a descending continued fraction, the number of 
quotients iu each being the same. 

10. We can make immediate use of this theorem to deduce a 
formula of Euler's, by means of which a series can be converted 
into a continued fraction. 



Take the series 

= -4., 1, 0, 



.^,+ ...+(-l)"-M, 



J„ 1, 1, 0... 
^„ 0, 1, 1 ... 



A,, 0, 0, ... 1 

as we see by subtracting from each row the one below it, beginning 
with the last, when the determinant reduces to its principal term. 
Multiplying each column after the first by — 1, we reduce the de- 
terminant to the continuant for an ascending continued fraction. 
Thus the above series is equal to : 



C- 1)' 



1-1 "■ -1 -1' 



and transroTming this by the rule just obtained to a descending 

continued fraction 

\A, _ A^A, A._,A, 

1-A,-A,+ A,-A,+ '" A.-A^, 



S-(-l)- 



A,A, 



1+ A,-A,+ A.~A^+ ' 



_A^. 

A..,-A.: 
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If tlie original eeries is 

we can obtain ita form as a contiaued fraction by altering tbe con- 
tinuant to iS in accordance with Art. 6, when we get 

1_ A^ A' 

" ^,+ .4,-^.+ ^-^+ •'■ 
11. Various generalisations of continued fractions have been 
devised by Jacobi and others. The following generalisation, due 
to Fttrstenau, is taken from a review of his memoir by Quntber. 
If X and y are any two real numbers, and we write 



y = o, + - 



*.=«.+;; 



' y,' ' » y,' * • y, 

where a and b are the greatest integers contained in x and y, 
tben on substituting we have : 



L_2. 

». + — --^- — 

■ *a 





i. 




+ ^ 




«■ 


+ — 


«4 



IS 
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If now all that stands to the left of one of the vertical lines be 
called a first, second ... convergent, and if we denote the numera- 
tors of a; and y by X,, Y,, while the denominator, which ia clearly 
the same for both, is called N^, we shall have 
( r, X. JV)^, = a^„ ( Y, X, if), + 6^, ( Y. X, if),,, + {Y, X. N)^. 

Thus the «quations have four instead of three terms, and 
we get 

, 6,, 1, ... 



X,= 



-I, 


"■ 


K 


1 . 


. 





-1 


a, 


*, ■ 


. 


, 








0. 


.a. 


i. 


1 





0. 


. 


-1 


a, 


h. 


1 . 


. 





-1 


«. 


A, . 


. 











. 


■«> 


», 


6, 


1 





.. 


-1 


", 


b„ 


1 


.. 





-1 


«.. 


b. 


.. 



0,0, 0, ... 
Corresponding to the theorem of Art. 7 we have now 

X^, X„ Z,., 1 

12. If ordinary continued fractions be called fractions of the 
first class, those in Art, 11 may be called fractions of the second 
class. 

Ftlrsteoau extends the idea still further, and summing up his 
results we may state them as follows : If we seek to determine 
n quantities a;,, a;, ... 3!, as fractions of the form 
_X, _Z. _X. 
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each such fraction can be written as a continued fraction of the 
(n— l}*" dase, The^*^ conveigents to these continued fractions 
take the form 

N,' N, ■'■ A', ' 
and if 



are the quotients euteriug into the continued fractions, then 
X„ = a,^^„ + a„X,_„ +...+ a.,„X^^^, 
J, = a^y^ + a„^r-j + - ■ ■ + a,+^,^,-„-,■ 
The quotients X and ^are always connected by the equation 





,x„. 











The author also shews that the real roots of an equation of the 
»* order can be represented as periodic continued fractions of the 
(«- If class. 
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APPLICATIONS TO GEOMETRT. 



1. The axes being rectangular let the co-ordinates of the 
angular points of a triangle ABC be {x„ yj {x^, y,) {x„ y^. Then 
if A is the area of the triangle it is plain from the figure that 




A = trap. BN — trap. BL — trap, CL 
2A = y,a!, - y,ar, + a!,^, - x, y, + a!,y, - 3!^, 



be multiplied h; 



1, 1, 1 = 1, «„ y 

x^, 3!,, ic, 1, jTj, y 

y.. y.' y> ^- '^.. y 



If the axes were oblique this would have t 
the sine of the angle between the axes. Thus 
2A = Bin(Xr) 
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where (XY) is the angle between the axes. This form is however 
not often used, and unless the fact is specially mentioned the axes 
are supposed to be rectangular. 

If we multiply the first row by ar, and subtract it from 
the second, then the first row by y, and subtract it from the third, 
we get 

2d = | a,— a;,, ■a',-3', I 

It must be noticed that the area of a triangle changes siga if 
we alter the cyclical order of the letters, thus ABG &ad A CB are 
equal triangles, whose areas are opposite in sign ; ABC and BCA 
are equal in magnitude and agree in sign. 

2. Let the co-ordinates of the angular points of a tetrahedron 
ABCB be (a;,, y^, *,) ... (:r^, y^, aj. Let 7" he its volume. 

Let A be the area of the triangle BCD, and let the equation of 
its plane be 

(af - as,) cos a + (y - yj C03/3 + (a - z,) cos 7=0. 

The projection of the triangle BCD on the plane of aty ia 
A cos 7, and the co-ordinates of its angular points are 

thus, by Art. 1, 

2A cos 7 = I a;, ~ «,, aTj - », I 

Ij/.-y.. y.-y.r 

Similarly we get 
2A COS /3 = I «,-«,, «,-*, I 2Acosa = |y,-y„ y^-yA 

I '"j ~ ''^t' **■" "'l ' ' \'*~ ^*' *4 ~ *1 I 

If ^ ia the perpendicular from A on the plane BCD, 

-p = (if, - irj coa a + (y, - yj cos ;S + («, - «,) cos 7. 
Hence 
-6r=-2Ap 

= 2A cos a («, - IB,) -I- 2 A cos /3 (y, - y,) + 2A coa 7 (2^ - e,) 
= (a!,-aT,)ly,-y„ y^-y, l + (y.-3'i)|a,-'«',. ^-^.1 

I 't ~ 'i> ^1 ~ ^« ! I *s ~ '''i' '^t~ "* I 

+ K-».)k.-«,. '.-'.I 
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=" ir,-iC,, I", — *,. ^1 — "'. ="— 1> If 1» ^ 

y.-y.. y.-y.' y«-y« ^,-«.. o. '^.-«.' '^.-'^i 
«',-^.' ■^.-V «*-«, y,-?!. 0, y.-y,, y4-y, 

a, — z^, 0, ^, — «„ «^ — «, 

Or if in this laat determinant we multiply the first row by 
«,, y^, n, and add it to the second, third and fourth rows re- 
qwctively, 



6r= 



1, 1, 1 



3. If the tetrahedron be referred to oblique axes through the 
same origin, and if the cosines of the angles these make with the 
rectangular axes be given by the scheme 





X 


r z 


V 


T 


K I, 

m, m. 


e 


Ji, 


n, n. 



x = Xl^-7L + Zl^, 



JST., X„ X^, X. 

r., r„ y;, r, 
2,, z^, z^, z^ 



\, m,, n, ■ 
Then remembering that 

/i + mm +rt II =coB Xy, &rC., 



,n.«^:,yG00(^lc 



2-1.] 
we have 
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D*= 1, cobXY, co&XZ 

COS rx, 1, COS rz . 

cos^X, COB ZY, 1 



Thia determiu&Dt is usually called the square of the sine of the 
solid angle, contained by tlie oblique axes in analogy with the 
determinant 

8in*Xr=| 1, cosXFj 
I cos YX, 1 I 



in a plaDe. Thus 






i)'-sm'(jrrZ). 


And ID oblique co-ordinates 


6F- 


1, 1, 1, 1 
X„ X„ X„ X. 

r,, y„ y„ y, 
z„ z„ z„ z^ 


sin(Zy^) 



The 



4. From the determinant expressions in Arts. I and 2 we con 
at once write down a number of geometrical relations. 

If the distances x be measured along a straight line &om a 
fixed point, we see that 

j 1, xA-ix^-x) = Q^ 
I 1, a:J 
is the distance between the two points marked k and i 
determinant 

1, (Tp 1, «, 
1, iT,, 1, JC, 
1, a:,, 1, «, 
1, a.., 1, a, 

vanishes identically, because it has several columns alike. Ex- 
panding it by III. 6 according to products of minors from the first 
two and last two columns, we get 

C12)(34) + (13)(42) + (U)(23) = 0. 
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Or, if we call the points A, B, C, D, this is the well-kaowu relation 
between the s^ments formed by four colliDear points 
AB.CD + AC.I>B + AD.BC='0. 
If we expand the vaoighing determinant 

i 1, a-., y,, 1, m,, y, | (» = 1,2...6) 

according to minors from the first three and last three columns, we 
get no geometrical relation, the terms cancelling each other in pairs. 
But if we expand the determinant 

|1, x^, y„ *,. 1, x„ y., e,\= (*=-l, 2 ...8) 
according to the products of minors from the first and last four 
columns we get an identical relation of thirty-five terms between 
the volumes of the tetrahedra, formed by eight points. 

5. Again, for five points 

1, 1, 1, 1, 1 

1, 1, 1, 1, 1 

, a",, a;,, x^, x^ 

' Vv j/t' y.. y. 
. f„ «,. ^. «, 

If Vjsvplume of tetrahedron (2345) and we expand the deter- 
minant according to the elements of the first row, by in. 10, 
we get 



6. By 



i>,+»,-t-», + t), + tf,= 0. 
the theorem V. 4, 



1, 1, 1 


I, 1, I . 


. 1, 1, 1 




1, 1, 1 




a^„ ",. y. 


f.. J., f. 


«,. f.. f, 




f.. »>.. », 




y,. y.. y. 


V„ V„ 1. 


y,. %. 1, 




•;.. y., y. 




' 4 


1, 1, I 


1, 1, 1 


+ 


1, 1, 1 


I, 1, 1 




»,. f,. e. 


f.. «,. ". 




"i. 1.. f. 


f.. "i. ', 




y,. 1.. v. 


v., y„ y. 




y,. i„ V, 


V,. y„ y. 


Or if the two sets of three points he csUed AB 0, BEF, 


ABOxDEF^ABExFBC+AEFxDBC + AFBxBOE 


is a relation 


letwcen trian 


gle.. 
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The product of the two determinanta 





1, 1, 1, 1 






1, 1, 1 


1 




x^, x^, a:,, a. 




{,. f„ f.. f. 




y.. ».. s„ y, 




'7.. >;,. ij,. 'I. 




«„ V ^j, z^ 




f., S. S. £ 


can be represented either as a sum of four terms 




I, 1, 1, 1 




1, 1, 1, 1 


+ 




^,. «.. «.. f. 




f,. {., f.. ", 






y,. n,. v.. 1. 




Vt. Vv Vt< y. 






',.»,. vi 




?„ S,. £.. «, 




or as the sum of six terms 




1, 1, 1, 1 




1, 1, 1, 1 


+ 




»,. «.. f,. f. 




f., f.. ».. »'. 




■ 


y,. y.. %. 1, 




1,. v., v„ y. 






',. «.. f.. & 




f.> 


&. '.. ', 





Or calling the two sets of points ABCD, EFQH, we have the 
identical relations between the rolumea of tetrahedra : 

ABCD X EFQH=ABGE x FQHD-ABCF x QHED 
+ A BCQ X HEFD -ABCHx FOED 

ABCD X EFGH = ABEF x OHCD + ABGH x EFGD 
+ ABEO X HFCD + ABBFx EQGD 
+ ABEH xFGCD + ABFO x EBCD. 



Application of Alternate Numbera in Geometrtf. 

7. In applying alternate numbers to geometry, a number 
stands for a point in a Bat space whose dimensions are one less 
than the number of units. 

To begin with a plane, the units e,, e,, e, stand for the 
vertices of a fundamental triangle ABO. Any other number 
P= are, + ye, + ae. 
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fitaDds for some point in the plane of the triangle. It is generally 
convenient to assume that 

aj + y + « = 1, 
so that X, y, z may be taken to mean the ratios of the triangles 
PBC, PCA, PAB to the triangle ABC, though this is not neces- 
sary. 

If P and Q are two points, then 

wP + wQ 

rti + n 

ia a point in the line PQ, dividing PQ in the ratio m : n. Thus 

i (P+ Q) is the middle point, and P— Q the point at infinity of 

PQ- 

Similar definitions hold for a space of three dimensions. 
Four points ABOD being taken and represented by the units 
*i' *>' *«' *4 *"y other point in the space ia represented by 

P = JK, + ye, + ze^ ■\- we^, 
where if we choose we may write 

x + y-\-z + w = \, 
X being the ratio of the tetrahedron PBCD to ABOD, 

And so on for a space of any number of dimensions. 

Then a binary product eje, is a unit length measured on the 
line joining the points e^, e^ or the distance between the points . 
*r' *.■ 

A ternary product «,«,c, is a unit area measured on the plane 
of the points e,, e„ e„ or the area of the triangle formed by the 
points e,, e„ e,. And so on. 

In a space of two dimeuBions the product of three points is 
the area of the triangle they form referred to the fundamental 
triangle. 

Now if P= a;,e, + y,0, + z^e^, 

B-ic,e,+ ... 
FQB= a!„ y„ ^, e,e,e,. 
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And e,e,c, = ABC = A, the area of the fiindamental triangle, so 
that in areal co-ordinates 

PQR^ 



Similarly in a fiat space of three dimensions if 

is the volume of the fundamental tetrahedron, the volume of the 
tetrahedron formed by four points is 

PQIiS = 



Similar definitions may be stated with reference to flat spaces 
of more than three dimensions. 

The assumption which has been made throughout the present 
work, that the product of all the units of a system is unity, 
receives here its justification and explanation. For, geometrically 
speaking, the product of the units ia the measure of the funda- 
mental figure of the space considered, which is our unit of 
measure. In a plane, for example, it is the area of the triangle 
of reference, in ordinary space of three dimensions the volume of 
the tetrahedron of reference. It is no part of the plan of the 
present treatise to develop the geometrical applications of alter- 
nate numbers ; for these we must refer to the memoirs and works 
of Orassmann and Schlegel. 



Angles between straight lines. Solid angles. Spherical Jtgvres. 
8. With rectangular axes let 
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be the direction cosines of two sets of straight Udcb, then if 

cos (ii) ^l\ + tnJ^^ + n^^ 

is the cosine of the angle between the t* line of the first and i"" 
of the second Bystem \ if we compound the two arrays, we get the 
determinant 

I cos (tit) I . 

Hence by it. 2, if there are two sets of four straight lines 
we get 

|C08(11) ... CO8(14)! = (i). 



= 


1,. »•„ ». 




\. ft. ". 




l„ m„ «, 




\, ft. -. 




1,. m,, n. 




\. ft. ". 



•■(")■ 



I cos (41) ... cos (44) j 
If there are two sets of three str^ght lines a,b,c; f, g. A, 
COB of, cos ag, co&ak 
cos hf, cos hg, GOB hh 
coacf, coa eg, cob cA 

= Bm{ahc)a\n{fgh).. 
If there are only two straight lines in each set 

I cos (11), COS (12) I = U,. "i, I I X,, /i, I + 

I COS (21), COS (22) I I i„ m, ] | \, /*, | 

Now if n, i> be the directions of the shorteBt distances between 
the lines of each pair, 9, if>, the angles between the pairs 

I K< "*i I = sin ^ cos (nz), &c. 

,*, I 003(11), COB (12) I = sin d sin ^ COB (ni') (iii). 

I cos (21), cos (22) I 

9. If in the relation (i) of Art. 8 the two sets of straight tines 
coincide with one set of straight lines o, b, e, d, we have 

[ 1 , COB (ab), COB (oc), cos (ad) 

COB {6a), 1 , COB (6c), coa{bd) 

cos (co), COB (cb), 1 , cos (cd) 
I cos (da), COS {db}, cos (do), 1 
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This is the identical relation between the mutual inclination 
of four straight lines in space, or also the relation between the 
eides and diagonals of a spherical quadrilateral. 

If we write — cos (AB) for cos (oS), or what comes to the same 
thing change the signs of the elements in the leading diagonal, it 
becomes the identical relation between' the cosines of the dihedral 
angles of a tetrahedron formed by four planes A, B, C, D perpen- 
dicular to the lines a, b, c, d. 

10. If the two straight lines, marked 1 coincide with two 
straight lines u, v ; while those marked 2, 3, 4 coincide with a 
Bet of oblique axe3 x, y, z, 

cos uv, cos itx, cos uy, coauz = 0, 
coBirv, 1 , cosxy, cosaiz 
COSyV, COBtfX, 1 , cos^^ 
cos zv, cos tte, cos zy, 1 

which gives the cosine of the angle between two straight Hues u, v, 
referred to a set of oblique axes x, y, z in terms of their direction 
cosines. 



11. As another example of the use of the same formula, let 
ABC, A'BG' be two spherical triai^les, 0, (f the centres of the 
small circles circumscribing them. For our two sets of straight 
lines take the lines joining the centre to O'ABC, OA'BC. Then 
if 0(y — <f>, and fi, B^ are the radii of the circumscribing circles, 
we get 

cos 0, cos B', cos B', cos R' = 0. 
oosii, cos{AA'), co8{AB), cos(.4(7) 
cosJI, cos {BA'), coa(BB). c03(S(?') 
cosB, cos {CA'), COB (CB), cos {CCT) 

We can write this 
coa4>^n{ABC)aia{A'BC)= 



-coaRcoBR 0, 1 

1, COB.il.^'.. 



"(AC-) 



1,C05(CJ')...C0S(CC) 



, CiOO^^Ic 
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If the angle at whicb the small circles cut is ^ 
cos ^ = cos ii COS ii' — sin £ sin £' cos '^ ; 
and the above formula can be written 
(1 - tan B tan ^ 008 ■^) sin (45(7) sin (A'B'C) = 
0, 1 



1, cos ^A A')... COB (AC) 



1, cos(C-4')-- cos{OC") j 
If the two BystemB coincide ■^ = tt, and we get 
sec'B, 1. 1, 1 =0, 
1, 1, cose, COS 6 
1, COS c, 1, cosa 
1, cos 6, COB o, 1 
a, b, c being the sides of the spherical triangle. 

12. Similar relations can be developed in the same way for s 



plai 



In a plane we can shew that for two sets of three straiglit lines 



cos (11), cos (12), cos (13) 
cos (21), COB (22), cos (23) 
cos (31), cos (32), COB (33) 



= 0, 



and then deduce 
I 1, COB C, cos B 
cos C 1, cos A 
1 cos£, cos A, 1 



= 0, 



COB (xy), cos (xa), cos (»6) I 
COB (ay), 1, coe(ai) 
cos {by), cos {ba), 1 [ 



similar to the equations of 9 and 10. 

13. Next, let ua compound two arrays 

1, l^, m,, n, 1, —X,, - fij. 



l,l„m,.n, 1, -V -/*,■■ 

We get the determinant 

. ll-cos(tA)|=|2sin'i(.-i)|. 
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HeDce, \i!j IV. 2, for two sets of five straight lines 
|sm'i(ll) ...sin»4(15) 1 = 

|8in*4{51)...flm'i(55)| 

For two seta of four straight lines a, b,c,d; a', b', d, d', 

16 1 sin'J(ao')-8in*i(ad'} \ = -\l,l„ m„ », | x 1 1, X,, /*„ v, \ 

{i = l, 2, 3, 4) 

I sin'i{do')...Bin'^((M') I 

Expanding the determinants on the right according to the 
elements of their first column, our determinant 

= [sin (bed) + sin {cad) + sin (abd) — sin {abc)] 

X [sin (b'c'd') + sin (o'a'd') + sin {a'b'd") — sin (a'b'c")]. 
For two sets of three straight lines, our determinant is 
|l-cos(ll)... l-coa(13)j 



(ii). 



I l-cos{31) ... l.-cos(; 



1, .. 

1, 1-008<11).. 



1- COS (13) 



1, 1-C08(31)... 1-C03{; 



■cos (11) ...-COS (13) 



-COS (31) ... 



This is equal to the sum of the products of determinants of 
the third order taken from the two arrays. Omitting the term 
I,, m,, ) 



= ! - cos (11) ... -cos (13) 1 
I -cos (31) ... -cos (33) 



a get 



1, cos (11). ..COB (13) 



+ \l,m,n\ \1,/*,pI 



I, cos (31). ..COS (I 

If the straight lines be called a,b,c; a, b', c', and iV„ A',, JV, 
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are the directions of the shortest distances between be, ca, ab, 
■we have 

1 1, i, m I = sin (be) cos (N',z) + sin (ca) cos (N^) + sin (ab) cos (JT^), 
1 1, X, /( I = sin(6'c')co8(Jf',3)+8iii(cV)cos{if'^)+sin(a'6')coa(W,«), 

and similarly for the other detenniDaDts. In particular, if abc lie in 
one plane, and a'b'e' in another, the normals to the two planes 
being N^N', the value of the determinant is 
(sin(fc)+ein(ca)+8in(a6)} (ain{&'c')+sin(c'a')+sin{a'6')}cos(Jrjy'), 
viz. this 

= - 0, 1 ... 1 
1, cos {aa) ... cos (ac') 



■ (iii). 



1, co8(ca') ... cos (cc') 

For two sets of two straight lines we deduce in the same way, 
]i B,r are the directions of the external bisectors between them, 



cos (iir). 



0, 1, 1 

1, COS (11), cos (12) 


, . ah . a'V 
= -*sin-g sin-g-. 


1, cos (21), cos (22) 




[f we compound the arrays 


'„ »■„ »„ 1, \, ft, I.,, 0, 1 



l„ m„ n^, 1, Xj, /*„ Vf, 0, 1 

0, 0, 0,0,1 0, 0, 0, 1. 0, 



we get the determinant 
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For two seta of four lines 
b(11)...co8(14). 1 



cos (41) ...003(44), : 



lli./*.^"!. 



and so on. 

But these are not new theorems. In the first for example, if 
we expand by in. 24, according to products of elements in the last 
tow and column, each term vanishes by Art. 8. 



15. If 



On Systems of Straight lines. 



cos a cosyS cos 7 

be the equations of a straight line, then 

a = cos a, 6 = cos yS, c = cos y, 

/■*! ? >• |., 9 = \ »■ P \. f^=\ P 1 \ 

I cos y3, cos 7 1 I cos 7, cos a 1 Icosa, cos^l 

are called the co-ordinates of the line. It is plain that 
o/"+ 6? + cA = 0. 

16. If the constants belonging to two straight lines be denoted 
by the suffixes 1 and 2, the equation of a plane through the 
second line, parallel to the first, is 

*~p»> y~it' ■?— r> =0. 

COSO,, cos/3,, C037, 

cosa,, C08/9,, cos 7, 
If d be the shortest distance between the two straight lines, 
and 6 the angle between them, it follows that 

p,-Pf ?,-?.. n-»* 

COSO!,, C08/3,, COB 7, 

cosn,, C03/9,, COS7, 

Pv ?!> ^1 

cos a,, C08j8,, cos 7, cos a,, co8/9„ cos 7, 
cosa,, cosj9,, costj cos a,, cosjS,, coay, 



= aJt + ^?l + ''/. + <^i/i + ^?i + Ci*,. 
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If the' espressioD on the right vaoiahes, then either (2=0, 
le. the two straight lines intersect, or 8in5 = when they are 
parallel, and hence also meet. It is convenient to have a name 
for the expression on the right, K a unit force acted in one of the 
lines its moment about the other would be deinO, i.e. in terms of 
the co-ordinates of the lines 

Hence we shall call this the moment of the two straight lines. 
If two straight lines meet their moment vanishes. 

17. Let us take two systems of strught lines whose co- 
ordinates are 

«i. ''i. 'h'fi' 9i> K fi> 9i> V. ^. V. Ci' 



o„ hf, c,,/„ g„ A, yi', g,, h,', a,', b,', c/, 

Then if m„ denotes the moment of the line r of the first and 
9 of the second system, by compounding the two arrays we get 
the determinant 

I ». I ■ 

Hence for two sets of seven straight lines 



'"" ! 



! = o. 



|m„... m„l 
an identical relation between the mutual moments of two sets of 
seven straight lines. If the two systems coincide 
= 0. 



m,j, m,, ... 
For two sets of six straight lines 

X \f,', g',, Aj', a,', 6/, c/ 1 



(i=l,2...6). 



If one of the sets of six straight lines — say the first — is met by 
a common transversal whose co-ordinates are a, h, c, f, g, h, we 
have for each of the straight lines of that system 
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Thus the firat of the determinaDts on the right vamsheB, and 
I m^ ... nij^ I = 



I nig, ... m^ I 

18 the relation between the' mutual moments of the two sets 
of six straight lines, one set of which is met by a common trans- 
versal. 

If the two sets coincide we get the identity for a system of six 
lines met by a common transversal. 

18. If the moments of a system of forces about one set of 
seven lines be m,, m, ...m,, and about a second set n,, n, ... n„ we 
can establish an identity amoDg the moments involved. 

For if any force P of the system act in a line whose co-ordinates 
are a, b, e,f, g, h, we have 

ffi, = %P [af^+bgi + cA, +/a, + gk + he,] 

=fjXPa+g,%Pb + h,%Pc+iZ,tP/+ b^tPg + c,2i%, 
and six other equations for m^',., m^. Hence eliminating 

XPa, tPh...XPk, 
we get 

I m,, a,, 6,, c,,yj, g,. A, 



and a similar equatii 
determinants 



a for the other system. Hence each of the 



0, m„«„6„c„/j,ff,A 



0, m„ a,, b„ c,, f, , g,, h, 

1, 0, 0, 0, 0, 0, 0, 
vanishes. Forming their product we get 



''l 


o,/.' 


9,' 


v,<.v 


< 





0./, 
1.0 





0, 0, 


< 





Ol,,. 


.. »„, », 




m, . 


..m,. 


13— S 
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Tetrahedra and Trianglea. 
19. Let there be two systems of points ii 



[chap. xit. 



1 apace whose co- 
ordinates referred to rectangular axes are (at,, y^, z,), (f,, i}„ Q. Let 
us compound the two arrays 

«,.y„ «i, 1, -2fj, -2»;„ -25;, 0, 1 



«(, y„ B„ I, 

0, 0. 0. 0, 1 
we obtain the determinaQt 



- 2f., - 29j„ - 2!:„ 0, 1 
0, 0, 0, 1,0, 



1 ... 1 

where c„ = — 2a;,f, — 2y^i7, — Sz^f,, 

To the r* row add the last multiplied by ^* -^y' + e*, and to 
the «"■ column add the last multiplied by ^* + ij,' + f/, the deter- 
minant is unaltered and its elemei;ts are now 

^r, = a'/ + y* + V - ^^rt ~ %'?. - 2z,?. + f/ + V* + C 

ie. (?„ is the square of the distance between the r* point of the 
first and s*^ point of the second system. We have then the deter- 
minant 

d„ ... i„ 



• d«. 1 



If ( = 5 the determinant vanishes, hence 
d„..,d„. 1 =0.... 



is the identical relation which subsists between the lines joining 
two sets of five points in space. If the two systems coincide 
dg = 0, and the determinant, which is then symmetrical, gives the 
relation between the lines joining five points in spaca The 
relation in this form is due to Cayley. 
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lti-4. 

;„ ... d,„ 1 I 



«„ y„ '„ 1, 




«.. !/„ ',. 1, 
0, 0, 0, 0, 1 



•2f„ -2i,„ -2J, 0, 1 



... d^, 1 1 iF., y,, a^, 1, - ^^, - Si?,, - 2?,, 0, 1 

... 1, 1 0, 0, 0, 0, 1 0,0, , 1, 

-2887r (ii), 

where F, P are the volumes of the tetrahedra formed hy the two 
Bets of four points. 

If the two sets coincide in a single tetrahedron, for which 
o, a'; 6, b' ; c, c' are pairs of opposite edges, 



288 F" - 



, c", h-, o', 1 I 
c", 0, c", t", 1 
i", e', 0, a", 1 
a*, b*, a', 0,1 

1, 1, 1, 1, ol 



If i = 3, we have 



■d„, 1 



—■ H»,y,i| \(.vM-*l'M\ lf,f,i|-4|y,..i| |,,f,i|. 



d„...d„, 1 
1 ... 1, 
all the other determinants on the right vanish identically. 

Now if A, A' he the areas of the triangles formed by the two 
sets of three points, I, m,n; X, /t, v the direction cosines of the 
normals to their planes 

I x, ^, 1 1 = 2 projection of A on plane xi/ = 2An, 
and similarly for the others ; hence if ^ is the angle hetween the 
planes of the triangles 



<^i - ''i.. 1 



. - d,, 1 
... 1,0 



= -16AA'cos^„ 



..(ui). 



Lastly, iff -2, 

-2f„ 0, 1 
- 2f„ 0, 1 
, 1, 
-2('.-«,)S,-fJ + 2(y,-!',)(l,— )J + 2K-»,)(S-0. 



^, i„. 1 


= «„ 1, 




d.. d„. 1 


m„ 1, 




1,1,0 


0, 0, 1 
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the other temiB vanish. Now if a, & be the lengths of the lines 
jointDg the points of the first and second ^sterns and 6 the angle 
between them, 



..(iv). 



rfy, d„, l|-2a6cos^ 

1, X, o! 

20. If in case (iii) of Art. 19 we allow the two seta of three 
paints to coincide with the verUces of a single triangle whose 
sides are a, h, c, 

0, c', 6». 

c\ , a', 



- 16A' = 



Multiply each column by ahc, then 
- 16A' a*6V = 



ho, ca, ah req>eGtiTeIy, then 

-16A* = 



, o6c*, o6 


c, ahc 


abi^, , a*bc, abc 


cA'c, a*bc, , ahc 


ahc, ahc , abc, 


and third rows ai 


= 


0, c, b, a 






c, 0, a, b 






b, a, 0, c 






a, 6, c, 




<= 


a, b, c, 






b, a, 0, c 






e, 0, a,b 






0, 0, b, a 





bj an interchange of columns. 
K in the first expression for • 



16A' we divide the second and 
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third columns by o*, and then multiply the first and last tows by 
a*, we get ; 

0. c", h\ a* 

c", 0, 1, 1 

b*. 1, 0, 1 

a', 1, 1, 

21. If in case (ii) of Art. 19 one of the nets of four points — 
Miy the first — lies in a plane, F= 0, and 

±, ...d,„ 11 = 0. 



If one of the sets in case (iii) hes in a straight line the cor- 
reeponding triangle vanishes ; hence 

d„ ...d„, 1=0. 



By allowing the second Bystem to coincide with the first we 
get the identical relations between the lines joining four coplanar 
and three collinear points. 



between the squarea of the lines joining two sets of five points, 
let the fifth point of the first system be the centre of the sphere 
circumscribing the tetrahedron formed by the first four pointo of 
the second system, and the point 5 of the second system the centre 
of the sphere circumscribing the first four points of the first 
system. Then 
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Alao, if ^ be the aogle at which the two circumscribiDg sphetes 
intersect, rf„ = Ji" + iT + 2ii5' cos ^. 

Hence with an interchange of rows and columns 



d.- 


■ d,„ 1, JF 


1 . 


. d„ 1. J!- 
. 1 , 0, 1 
■ S.-, 1, i. 



Multiply the fifbh column by J^ and subtract it from the last, 
and the fifth row by R* and subtract it from the last, then 
d,,...d,^, 1, =0. 



... d«, 1, 

... 1, 0, 1 

... 0, 1, ZRR'coB>l> 
Or, resolving according to the elements of the last row and column, 
we have by Art, 19 (ii) 



I ^4. ... d^ I 
We Bee from this that so long as the circumscribing spheres 
remain fixed the tetrahedra can turn about in them without 
altering the value of the determinant on the right. The determi- 
nant vanishes if the circumscribing spheres of the two systems 
cut orthogonally. This relation is due to Sicbeck. 

23. If in Art. 22 we allow the two tetrahedra to coincide we 
get, since = tt, 

16(6KK)* = -| 0, a", b'*. c* 
d\ 0, (?, &' 
b-*, c\ 0, o' 
I c'*, 6*, a', 

Multiply the second, third and fourth rows and columns by 
o', b\ (? respectively, then 



16(67ii)'a*6V = - 



0. (my, (hby, (cc')* 
{aay, 0, a*bV, a'6V 
[bb')*, a*bV, 0, a*6V 
(ccy, a*6V, a'AV, 
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Divide the second, third and fourth rows by (ate)', then multiply 
the first columD by the same quantity, 



16 (era)' — 


0, 


(««')■ 


(»')■ 


(»■)• 




(<«■')" 


0, 


1, 


1 




(»')■ 


1, 


0, 


1 




(ocT 


I, 


1, 





Now if we write 











aa' = he, bb' — ky, cc' = hz, 
then if A is the area of the triangle, whose sides are x, y, z, we 
have by Art. 20, 

(6KR)' = ii:*A', 
6FH = -fc'A. 
This triangle, whose sides are proportional to the square roots 
of the products of pairs of opposite sides of the tetrahedi-on, has 
many interesting relations to tbe tetrahedron. It is sometimes 
called the conjugate triangle. 

FormulcE rdaiing to the Ellipsoid. 
24. , If (m,, y„ zj and (f„ ij„ Q be two sets of points on the 
ellipsoid, 

a" 0* ■ c' 
Then, if <i„ denote the square of the distance between the r* 
and «* points of the two systems and D„ the square of the parallel 
semidiameter, we have 

„...|..2('l-?i|._!;;J.-'.f.). 
Hence, if we compound the two arrays, 



a b 



2 



M _??! 



we get as in the preceding articles. 

For two seta of five points situated on the eUipsoid, 
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For two BeU of four points fbnoing two tetiahedra of volumes 

r, r, 

I <■„...«„ I 6767 



???-■ 



Similu- formalffi can be eatablished for an ellipse in a plane. 

If the ellipsoid become a sphere a « 6 = c — .fi, and Educe all 
diameters are equal, we can replace a^, by d„. Tbna 
l(f„...i„|-0 



is an identical relation between two sets of five points on a sphere. 
.This relation is dae to Cayley. 

The second relation in this case rednces to the result of 
Ait. 22, when the two tetrahedra have the same circumscribing 
sphere. 

25, If the points {x„ y„ z^ {f,, t/,, Q sxe not situated on the 
ellipsoid, then since 

~ a''*"V* ^ o" 4- e" *<.' + t"+c-' 

if we compouud tbe two anaTS wtiose t"* rows are 

^ + Sl + ?l S » ?! 1 
a* b' c*' a ' fe ' c ' ' 

J ^, -2,, -25 f,%5," + S" 

we get the identical relations (it. 2) 

j o„ ...a^l =0 

I '^ii ■ ■ ■ '^u I 
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= h? + i? + ; 



APPLICATIONS TO QEOMETBY. 



' a' 6' C' 



^ij ^2f, ^2,, -2f, r."+s'+^'l 

Ct=.l,2... 5), 
[wints and five points re 
uation all the points of 



Ct=.l,2... 5), 
for two systems of six points and five points respectively. ' 

If in the latter equation all the points of the first system lie 
on the ellipsoid. 



or V <f a* tr cr a' 6* c* 
satisfied for each point of the system. Hence we see hy eliminat- 
ing 

-2p -2ff -2r p* g* »^ 

— -, — ^1 . S+ JS+ j"™ 

a a a a tr 

between these five equations, that the first determinant on the 
right vanisbes. Hence 



if the five points of one of the systems lie on an ellipsoid similar and 
similarly situated to the given one. If the ellipsoid reduce to a 
sphere, we get 

I d„...d„ =0, 

an identical and homogeneous relation between the lines joining 
two sets of six points. 



for five points situated on a sphere. 
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26. Id like manner, if for the same ^sterns of points aa in the 
last article we compound the anayB 

?. a.i.i.o .M., _!a, _?S,„,i 



5. », 1,1,0 
a DC 

0, 0, 0, 0, 1, 
Wd get the detenaioaDt 



■— , 0, 1 
c 

0, 1,0 



when, c =-?i£-Sa_?i£. 

" a' i* <? 

Multiply the last column by 

a* ^ 6" ^ c* 
and add it to the b* column, and the last row by 

-.-+% + % 
a c 

and add it to the r* row, then the element at the inteniectiou of 

the r* row and a* column is 

And hence, (iv, 2), 

- =0 



1 ... 1 

is an identical relation between any two eets of five points in space. 
If the ellipsoid becomes a sphere we regain Cayley's relation (Art. 
19, i). 

For I = 4, we have 

288 VV 



izecDy Google 



APPLICATIONS TO aEOMETBY. 



V, V being the volumes of the tetratedra formed by each set of 
four points. 

27. The polar plane of a point P{x^, y„ r,) with respect to 
the ellipsoid, is 

The distance of a point Q (f,, i;„ fj from this plane is 
If (Q, P) and 5 denote like quantities for the point Q, 



(P,Q)_(Q,P) 



_1 ^,f. VrV. ^X. 



This function has been called by Faure the index of the two 
points P and Q, denote it by /„. Then, by compounding the arrays 
whose 1^ rows are 



Z< 






L, ... /„ 



36 FF' 



28. It may be remarked that these space relations connected 
with an ellipsoid are not really more general than those connected 
with a sphere. For they are what the relations in an ordinary 
space become when the sphere 

a^ + y» + a* = ii* 
becomes changed by a homogeneous pure strain to the ellipsoid 



.„Goo(^lc 



20a THEOBY OP DETEHMINANT8. [CHAP. XrV. 

Formviee relating to Systems of Spheres. 
29. If r, 8 be the radii of two spheres, ^ the angle at which 
they intersect, and d the distance between their centres, then 
d" = r* + «' + 2r« cos tft. 
The function 

2r« co8 0™(P — r* — s* 
is of importance in the study of the mutual relations of spheres ; 
it is called the power of the two spheres. We shall denote it 

If one of the spheres, say a, becomes a point, the limit of 
2rs cos is (j' - r*, i. e. the square of the tangent from the point to 
the sphere, or what is known as the power of the sphere at the 
point, or the power of the point with respect to the sphere. 

If both spheres reduce to points the limit of 2ra cos ^ is d*, the 
square of the distance between the points. 

If one of the spheres becomes a plane, and p is its distance 
from the centre of the other, 



COS0^ 



=^ 



If the second sphere become a point, and p is its distance from 
the plane, the limit of r cos is ^. 

30. Let (x„ y„ z) and (f,, t;,, fj be the coordinates of the 
centres of two spheres of radii r, and />,, then if p, is their mutual 
power 
p^ = d^-rf-p* 

= «' + y! + ^ ' - »".' - 2«^. - 23','?. - 2^,5; + f / + ij/ + £;* - p*. 

Hence, compounding the two arrays 

iTp y,, Zj, 1, x* + y*+ z' —r' 



w„ y,, «„ 1, x^ + y* + a' — r', 
and 

- 2f „ - 2ij„ - 2f,, f,* + tj.* + £-^ - p,M 

- 2f„ - 2.,., -2ir„ f; +„; + ?,-- ft", i. 

we see by IV. 2 that for two sjsteme of six spheres 
bu •■■Pi.l-" 
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If COS 4>a IB the coaine of the angle at which two spheres cut, we 
can also write this 

|ooa0^[ = O (*, &=1, 2...6). 

For two systems, each of five spheres, 



-00 



If the five spheres of one of the systems — say the first — have a 
coromon radical centre, taking this for or^;iii we should have 

a« + / + /-r'=c'. 
where c is the same for all the five spheres. Hence, in the first 
determinant on the right of (ii), the fourth and fifth columns are 
proportionals and the determioant vanishes. 
Thus 



..(iii) 



when the five spheres of one system have a common radical 
centre. 

If the five spheres of the first system reduce to points (iii) is 
the condition that they should lie on a sphere. 

If hoth systems reduce to points we regain Cayley's condition, 
that the five points of one system should lie on the same sphere. 

31. But if neither of the determinants on the right of (ii) 
vanish, expand the first determinant with regard to the elements 
of the last column. 

Then p, = «,' +y' + a^' - r,* 

is the power of the origin (i,e. any point) with regard to the t* 
sphere of the first system. Then if we write 1, 2, 3, 4, 5 for the 
centres of the five spheres, and denote hy 

v, = (23*5), »;,= (3451),&c, 
the volumes of the tetrahedra formed by the points in brackets, 
and if accents denote similar quantities for the second determinant, 
we have in place of (ii) 

I p„ I = 288 («,p^ + ti jj, + . . . + V.P.) (v,'p,' + ..: + w/p,') 

(i,i = l,2... 5). 
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Now describe aboat the origin a ephere of radius r, cutting the 
spheres r, ... r, at angles i^, ... ^,. 
We have, since (Art. 5) 

w, + p, + . . . + w, = identically, 
t)J), + ... +«sP, — o, (JJ, -*0 + .-. +v^{p^'-t^ 

«= 2r (v,r, cos ^, + . . . + v^^ cos J, 
and p being a similar sphere for the second system, 

\p^\~ 288prS2«,rj cos ^^tlv^p, cob 0/ (», fc = 1 . . . 6). 

Thus r£2»,r, cos ^, is independent of the particular sphere r, 
let this be the orthotomic sphere of the first four, then this sum 
reduces to 

2r,r,ii cos {r^R), 
and the second factor, in like manner, becomes 
2»;p,i2'co8(p,ii'). 
Hence 

' P» —Pn I = 1152 v.'Viffifi' cos (r^) cos {p^). 



'P„ ■•■?>» 



32. For the fifth sphere of each system in this last equation take 
the orthotomic sphere of the first four spheres in the other system. 
Then in the determinant on the left all the elements in the last 
row and column vanish except p^, and 

.p„=2RR' cos {RE). 
Hence we obtain 
\Pn—Px* 1 2-BJf cosCJiiT) = 1152v;ii'ii''cos* {BR'). 



\Pa-P4*\ 

or dividing out the common factors and writing V, V for v^, v^, we 
get for two seta of four spheres 

\Pu—Pu\ = 576 VV'RR' cos {RR'). 



Ip4t — Pu\ 

If the spheres reduce to points we regain Siebeck's formula 
(Art. 22). 

The determinant on the left vanishes if the orthotomic spheres 
of the two systems of spheres cut orthogonally. 
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33. To determine the meaniag of the determinant 
I,,.! (.-,1-1,2,3). 
Id the determinant of Art. 32, let the fourth sphere of each system 
be the plane determined by the centres of the first three spheres 
of the other system, then if A, A' be the areas of the triangles 
formed by the centres, tf) tbe angle between their planes, 

V V 

lim. — ; = 3A cos A, lim. — = 3A' cos <b. 

Also if the radical axis of the spheres of the first system meet 
the plane of centres of the second system in P, whose power 
with reference to the spheres is p, and P", p' denote like q^uantities 
for the other system, 

2RR cos {BR') = FP" -p -p'. 
Hence 

Pa — Pu =16AA'co8<^(PP"-p-p')- 



P»i-P« 
34. If in the relations 

d„ ... d^, 1 

d,, ... d„. 1 
1 ... 1 
d„ ... d,., 1 



- 288 r 7', 



... d„. 1 
1 ... 1 

of Art. 19, we suppose the sets of points to be tbe centres of our 
spheres. 

Then if we multiply the last column by p* and subtract it 
from the t^ column, and tbe last row by r* and subtract it from 
the A* row, we get the relations 






= 0, 
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i>u ■-■Ph. 1 =-288rr, 



which give relations between the mutual powers of two sets of five 
and four spheres. 

35, Another element connected with two spheres is the length 
of their common t^igent. For two spheres of radii r, s the dis- 
tance between whose centres is d and which cut at an angle ^, 
the square of the length of the common tangent ia given by 

t-d^-(r-,)' 
— 2r« cos' ^(p. 

If one sphere reduce to a point, ( is the power of that point 
with respect to the other sphere. If both spheres reduce to points, 
t is the square of the distance between them. 

36. Using the same notation as in Art. 30, if t^ is the square 
of the tangent common to the two spheres 

«• = K - f .)' + (y, - 1.)' + (', - O' - (n - p.)' 

HeDCe, compoundiDg the two arrays 

IF,, y„ s„ r,, 1, a* + y* + s^ — r,' 



^1, y,> ^1, *■,. 1. "' + yi + 2,'- n* 

0, 0, 0, 0, 0, 1 

-2f,. -21,, -2f„ 2ft, f,- + ,,- + f,'_p,', 1 

- 2f„ - iv., - 2«, 2ft, I,' + ,,■ + £• - ft', 1 
0. 0, 0, 0, 1, 0, 

we get for two systems of six spheres the identity 
... (,„ 1-0. 

... (., 1 
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For two systems of fire spheres we should get 

.. *„, 1 = 576 C«,r, + ... +i>.rj «ft + ... +f,>J, 



*,, ... *„, 1 



usmg the notation of Art. 31. 

If t^ is the angle at which the plane of similitude of the first 
four spheres of the first eyatem cuts each of these spheres, and 
{j-,(J the angle at which it cuts the fifth sphere, and simihirly for 
the second syatem, we can reduce this to the form 



= 576o.r, 






cos(p£j\ 



Hence the determinant vanishes if one of the systems of five 
spheres has a common plane of similitude. 

For two sets of four spheres, after some reduction we cdn 
prove that 

coe^ 



•**..! 



= 288im' 



(- 



cos t COB t/ ' 



where is the ai^le between the planes of similitude of the two 
systems, and *, t the angles at which they cut their sets of 
spheres. 

37. By compounding the arrays whose i* rows are 
a;,, y,, 5„ r,, 1, a'' + y * + « * — »" * 
and - 2f„ - 2,., - 2^. 2^. f,' + .j/ + C " ft'. 1. 

we get the homc^oeoua relation between the sets of tangents 
common to two sets of seven spheres 
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38. We may make use of this last relation to solve the 
problem: Determine the equation of the sphere having with five 
^ven spheres tangente of the same length. 

Let the equations of the five given spheres be 
S. = S. = 0. 

Take these for the first five of each set of spheres in Art. 38, 
let the sixth sphere be the one required, and the seventh a point on 
the sixth. 

Then we shall have 



«„ = 0. ««-S„ t^ = k. 



and the equation ia 



0, 


<,.. 


*«- 


'». <». 


I, 


s, 


'«. 


0, 


t.. 


'„. '.. 


1, 


s, 


*s. 


«» 


«.. 


<», 0, 


1, 


s. 


1, 


1, 


1, 


1. 1, 


0, 





s, 


«■ 


s. 


S..S. 









This is apparently of the fourth order, but by means of the sixth 
rows and columns we can get rid of the terms of the second degree 
in the seventh row and column. 

39. All the equations of this section relating to spheres are 
capable of numerous and varied applications, some of these will 
be found in the examples, and others in the memoirs of Bauer, 
Darboux and Frobenius. 



oy Google 



Peoti the foUo 






1. 


ac , 


oA , ae 
(e + a)', S. 


.2ofc(i. + 6 + c)', 








= 2(fie + CB + oi)" 


2. 


1 , 


1 . 1 

tan 5, tan (7 
sin 2B, Bin 2(7 


.0, 


itA,B,Cm 


Jie angles 


of a triangle. 




3. 

■ 


I, '. 
1. V. 
1. •. 




-0, 



V(^«)*'"Vfe)**"V(^3-''- 



1 


coea 


eo.(a+fl 


=<»(»<-^+r). 


COBB , 


1 


oo.^ 


oostf + y), 


«»(.*« , 


00. /3 


1 


cosy , 


0O.(. + /3 + y) , 


coe(^ + l) 


cosy 


1 , 


ec.<«+/S+y+8), 


oo.(/34rt8) 


oo8{y+5) 


cosS , 



COs(o+^+y+fi) 

C08(^+y + 8) 

COT (y + S) 

cosS 



\ a + b+e + d, a-b-e + d, 

a-b-c + d, a + b+c + d, 

I a — b + e-d, a + b-e — d, 

-16 {bed +acd+ai>d + abe). 



»-6+o-rf I 



D,3,l,zec:,y Google 



THEOHT OF DETERMINANTS. [eX. 



6. J{ a, h, c are ttie sides of a triangle of area A, 2a = a + h + e, 

tlien 



(6+c)', ab , ac , a 
(c+o)', 6c , b 
be , (a+b)', e 



-16aA(aV,+ 6V,+ cVJ, 



r^ , r,, r, being the radii of tlie eecribed circles. 

If the elements in the principal diagonal are (i-c)', Sec., tie other 
elements being as before, the value of the determinant is 





-it. — 


i^^r'/ 


'J 






(*+«)", 


ab 


« , a 


16si(ar,+ &r, 


+ rt 


at , 


("•)■, 


be , b 






1 ,' 


1 J 


{atb); c 
1 






(> + •)' 


ab 


aa , 1 


.164'-20iifc.. 




ab 


(«*«)• 


6c , 1 






ae 


»< 


("*»)■, 1 






1 


1 


1 






+ «,+ . 


. + ..,4 




x~A^ 


a^ 


"« 


..(.-«)-, 




». 


a: -J, 


■• ". 









= {» + («-2)Sl(»-«)— . 



8. The detenuiiiant 

a, 6, ^ a. 

6, J, a, 6 . 

a, a, a, h . 



(the diagonal consiBting of a and ( alternately and each row being filled 
up with the other letter) is equal to 

(-i)-'(«-i)(«-6r. 

The determinant is supposed to have 2n rowa 
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9- If in a determinant all the minors of the second order are 
divisible by the aame quantity p, then the minora of the m"" order are 
divisible byjj""', 

10. If in a determinant of tie n* order there be a block of p by y 
elements all of which are divisible by a, the determinant is divisible 
by <^**'\ 

11, Prove the theorems : 

J, <=, d, 

a + i, a+ b +e, a+ b + c +d, 

3o + 6, Sa4-2b + c, ia + 3b + 2e + d, 

3a + b, 6a + 36 + c, 10o + 66 + 3c + rf, 



«. f>, e, d ... 

a, a+b, a+2b+c, a+ 3b+Sa*d ... 

a, 2a+b, ia+ib+c, 8a+ 126+6c+rf ... 

a, Sa+b, 9a+6b+c, 27a+27b+9c+d ... 



ri- 



■ (n-i). 



where a, b, e, d ... are any quantities whatever, and n is the order of 
the determinant. In the first determinant each row after the first is 
obtained from the preceding by the rule that the r"" element of any 
row is the anm of the first r elements of the preceding row. In the 
second determinant the r* element of any row is the sum of the first r 
elements of the preceding row mvdtiplied reBpectively by the coefficients 



(n rows), 



then D = 2'-* abed... 

The elements of the first row and leading diagonal are a,b, e,d...; 
in each column the elements below the leading diagonal are equal to tlie 
element in the first row but of opposite sign, the others are any what- 



the expansion of (l + x)'-'. 




12. If J} = 


a, b, 


c, d... 




-a, 6, 


p, q ... 




-a, -b. 


C, T ... 




-•, -i, 


-», d... 



13. If Z' = lcoBTOi,, cos(ra-l)a, ., 
OOBWO,, cos(M-l)a, ., 



cos(m-1)o, ... 
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A- 


cotf'a,, cob"" 


'.....cca., 1 
'a, ... coBa,, 1 




co«-a^ coa- 


a_... C08a_, 1 


",- 


Bm(«4-l)a,. 


siana,... aino, 
sinna, ...sina, 




sm(« + lK. 


idiina....8ma. 


.^-..- 


^\ ?• = 


2 ' Bin o^ sis (L 



[ex. 



14. If 6„ = (a„ + a„+... +oJ-Oa, then 

|6„...J^| = (-ir'(n-l)jau...<^l 



I 6- ■■■6-1 

|6„... 6, l=N(-2)"- 



15. Prove that every power of a Bymmetrical determmant is again 
a symmetrical determinant. 

16. If for each element a^ of a determinant A we write in turn 
a„ + e, we get n* new determinantB. If these be taken as the elements 
of another determinant its value will be 

(i<)-' (.+«), 

where S is the sum of all the elements of A. 

17. If u = (Z, - afi) (X, - o,6^ ... {X. - a.6J, 
prove that the value of the determinant 

X., a,6., a^, ... 
»,6„ X„ «,6, ... i 
i,J„ ffl,6„ X, ... a.6, 

1,6., O.6., a.6.... 
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and the value of 



6,, X,, a,J, ... o,6, 
»., ah, X, ... a.b. 



b„ ab„ ah ... X, 



18. If M = (a:-2o,) .(a!-2aj ... {a!-2aj, prore the following 



(.-a,)-, a/ , a,- .. 

<•■' . •»; ,(«-»J'.- 



"{-^-^} 



0, 1 , 1 , 1 ... 

1, (.-a,)', »,• , < ... 
1, (.,■ , (i-o,)', «." ... 
1, a- , V , (.-a/... 



o,o, , (i-o,)", «,«, ... > x-2oJ 

o,*, , a,*, , (a: -a,)'... 






(X-.,)', .,■ ... «.• , i„ I 
«,' . (^-ay... a.' , 6., 1 



«,■ , »,• ... («-,^)', {.. 1 
4, , i, ... 6. , 
1 , 1 ... 1 
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■P _ f 1 1 ]f h' _V_\ 

JB-*!* (as - 2o, "^ ■■■ ■^(c- 2aJ U - 2o, * ■■ "*■«- 2a,/ 



[ex. 



IS'xyzu 






19. Prove that, if :S' = a; + y ■(-» + « 
(S-u); a? , y' , s' 

«• . iS-x)', y- , ,* 
«■ , ai- , {S-y)\ a" 
«' , «" , y" , {S-zY 

0, 1 , X . 1, , 1 

1, {8-v)\ a? , y" , s" 
1, tt' , {5-a:)*, y' , s* 
1, «' , !»• , (^-y)', *■ 
1, u* , «» , ^ , (S~z)' 

20. If ^= cnasdno;, i^. prove that 
en (y - a) an (a - x) an (a: - y) an (3! + y + a) if , 



6'{^(y + a + «) + y*(a! + « + «) 
+ a'(a! + y + u)+«'(3! + a + y) 
+ 2zy« + 2x»u + 2ysu + 2xyu 



where 

M=l-i^ {en'y an'a + sn'a an'iB + sn'a: sn'yl 

+ A'(l +A?) m'a; an'y en'a - A'sn a: an y ana (F^an ic + ^X an y + ZFan a). 

21. If an a; en a; dn a: = X, 4c. prove that 



anas, 


«■■«, 


X 


sny. 


enV 


Y 


BUS, 


«■■«, 


z 



provided 



■; sn'a;, X 



1, an'y, an'y, F 
1, an a, sn'a, Z 
1, an'u, bh'w, P" 



= 0. 



a! + y + a + u = %pK + Sji^, 
p, q being int^era 

22. If 'S^=fl„ + aHw»»--«Hv-V> 

^„, -s;, ... 5,.^ 
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is tiie snm of all the minoni of order i-A of the detennmaiit 
J = I o^ I ; excepting alwajB in auch sum thoee determinant and their 
complements of order A which In tbeir formation have two row or 
column suffixes congruent with r^ard to the modulus h. 

23. If 






1. 


1, 


1, 


1 ... 


1 


0. 


iC, 


0, 


... 


1 


y. 


0. 


«. 


... 


1 


0, 


y. 


0, 


X ... 


1 


0, 


0, 


y. 


... 



where all elemente are zeros, with the exception of the border, snd two 
lines of elements one on each aide of the principal diagonal, prove that 

n __™7i .^^y" 2(-»^r 



-(-y)- )' 



(x + y)' 



e, b, e, a, e ... 

e, e, b, c, a ... 
0, c, c, h, c ... 



where all the elements are e with the exception of two lines, c 
either side of the principal diagonal, prove that 



...^ 



Find aJao tiie value of D^. 
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[EX. 



0, 1, 1, 1, 1 ... 

1, e, a, 0, ... 
1, ft, c, a, ... 
1, 0, b, e, a ... 

1, 0, 0, 6, c ... 



(where, with the exception of the border, the elements in the leading 
dia^nal are e, in the lines on either side of it a sad b, the rest are zero). 



D,-cD,., + (UfI>,,,= 



(-a)-'+{-br^ 



2ab 



"a+b+c' « 
where u and v are the roots of the equation 

Hence shew that 

r, «" + »■ ne (n* 4 tf) 



-. {a^b^cy (a + ft + c)(«-«)' 

2ain u'-' + if-' (-«)■ + (- 6)' 
a + 6 + c ■ (w - »)' (a + b + c)* 

26, The value of the determinant 



{i) If «, = a + (r-l)i is 

(u) If u,=ar" is (1-a:")*-'. 
(iii) If w, = r* is 
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(iv) If w, = COS {« + (*• -1)6} is 

[co8tt-coa(« + ni)]'-[coB(g-6)-eoB;tt+(n-l)S|T 
2{l-ooanb) * 

(v) If M^ = am{a + {r — 1)6} W6 must cb&uge the cosiaes in t 
namerator of (iv) into sines. 

(vi) If M, = af "' + a:"""' + af **" + ... ad inl, is 

(l-aT)-. 
27. The solution of the partial differential equation 



D,, D, ... D, 



where 



J)=- 



= 0, 



is u=SF(a;,-oa,, jo.-ui'ic, ... «. - to""' «,), 

the funotiona being arbitmiy and the summation extending to all 

yaJues of w being riMts of the equation jb" - 1 =0. 

28. If in an orthoBynunetrical determinant of order n (vi, 20), 

(l-g')(l-g'^-')...(l-y^t-!i) 

the value of the determinant is equal to 

/I -yy-i/ l-f « -,.-■ / l-p-f-' s 

Vi-}»/ u-?'*'/ ■■ Vi-r+"-v 

multdplied by a fractioD whose anmemtor ia 

(-i)'^?!"^^°(i-?)-'(i-rt"-(i -?•"■) 

x(p-y.)»-i(^-n-^).-i ... (pt.-I-,.), 
a&d denominator 

(i-rKi-?"*')'- (!-?»+"-')"-' 

X (1 _ j,*«-l).-l (1 _ ^+»)n-. ... (1 _5,t».-I). 

29. The value of the determinant 







'■), 
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the elemente in the leading diagonal being zero, that in the if^ tow and 
j^ column a,■^aJ, is given by 

(-l)-i)-2-a,.......(l-„-JS^^'), 

where t, k are all dnads from 1, 2 ... n. 

30. The value of the cubic determinant of order n, Buch tbat 

is given by 



(-l)--P 



= l-n 



And if 



= coa(a, 



,<t 



^ COB (a, + a,) ain* (a, - a,) 
cos Sfflj cos 3oj ' 



GOB 3a, COB 3a, . . . cos 3a, 
where i, k are all dnads from 1, 2 ... n, 

31. If ji = |a„|, 5= [6„| are two determioants of orders n and m 
respectively, we can form a new Bquare array of (nm)' elements as 
follows, B«peat the array &„ , n times in a row, and take n such rowB, 
so that £ is repeated like the squares on a chess-board. Then multiply 
each of the elements of that block which stands in the ^ row and 
A*** column by a^. The determinant of the resulting array ia equal 

Example : 



32. If 
prove that 



la, b 






«■ ^ 


\ ', d 






r. » 


WL, «A 


fc, 


m 


-a-b: 


ay, oS, 


h. 


bS 




CO, CjS, 


da. 


dl> 




cy, c8, 


dy. 


d> 





. I; a, y3 ... A are any two sets of n quantities, and 
.(..-a.)-+(S,-«-+...-f(i,-A.)-, 



, du 1 = 0, if » = n(r-l) + 3, 
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... d,„ 1 
... d^, 1 



.0, if »=n(r-l) + 2. 



I In this and tlie next five questdoDB 



m(m-l)(^-2)...(«-t-H) ) 
1.2.3...* J 



Tbe determinant 



(•»*1)„. 



(m + 1). 



(™4-r-l), , (m4-r-l),., ... (mtr-l). 

(wi + r), , {'w+^),.i .- ("» + '•). 

(m + r + i), , (OTtr + .),., ... (i« + r + .). 

(m + r + ,+ l)„ (mtr+. + l),. (m*r*.4.1). 



(m + r + g + t)f, (m + r + a + i),,, ... (m + r + i + i). 

where ti^p+r + t+l (the suffixes p, p + 1 ... Mof the rows are con- 
seoative, bat m, Jn + l...m + r, m+r + «...n» + r + 8 + ( form two 
groups of consecutive numliera), is equal to the product of the two 
fractions 

m,(m+l),... («H-r),(in + r + >),... {m-t-r + e + t}, 

^.(J' + I), — «, 

('■-n)..,(r-l-»-H),.,...(r<-.-n).„ 



('•+l),.,('+2),.,...(r*<<.l)„ 
34. The determinant 



(f»+l),. (»n+l),„... (m+l),„, {m + l)„.„... (ni+l),^„. 
(m+2),, (»n.2),„... (™*2),„, (m + 2),„.... (•ii+2)„„„. 



(m+r)„ (m + r),.,... (». + r)„., (».+r),„.... (™ + r),„ 
where r = » + « + ! (the Buffixes;*, p + l ...p + », ^ + s + o...j7 + « + t> + u 
form two groups of consecutive numbers, while m, m + I ...m + r are 
oonaecutlre), is equal to the product of the two fractions 

"M^ 1), ■■■("■*■■) , 

ft(p + 1), ■ (»>+'),(?+»+"), ■■ (?*■+»*»), 

(•-I)«rU«tI).-, .(« + "-l)_, ■ 
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35. Prove tliat 



[ex. 



vanishes if n<r, but in equal to {-l)"ni if« = r. Ifn>rthe deter- 
minaiit reduces to a function of a: of order n~r. 
36. Prove that 



(. + !)■ 
(r.+ 2)- 




P. 


■- p.-> 

■(P+2).-, 


('*'■)■ 


iP^r). 


(i>+'-), • 


■(? + '),-, 



(C , p^ ... p, 

(xt2y, Cp + 2), ... (p+2). 



= ('-?)■ 



for all positive values of n leBS than r. 
37. Prove that 

P., P, ■■■ P... »" 

(p+l),, (?+l), ...(P+I),-,, (» + !)- 

(y*2)., (p*2). -(y+a),-,. (»+2r 



38. Prove that the value of the determinant 

(m-p)™,, '*"*..,> ?•"?+!> '»"/+> 

(m-p+lX^il),, (»+lXm+l)„„ (?+l)(m+l),.„ (l+l)(m+l),..... 
(ra-y+2)(m*2)„ (»+2)(m+2)„„ fe+2)(m+2),.„ (n.2)(«.+ 2)„.... 



(m-p+r)(»H-r),, (n+r){w(+r),^,, (?+'')(«t+r),^,, ('+r)(T»+r),^,. 

and so is independent of tUe quaatities n, q, t... 

39. If J = I o^ [ ; .B = I 6tt [ are two determinants of order n, and 
/(r.)= I «. + ■.».! . 
prove that 

/(,)/(-«) = ^ J I fl.-.r.a^ I, 

where the quantities !!„, K^ sa^sff the equations 
B.,K^,*H^E,t ... + ir,i-.. 1, 
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40. With the same notation as in the preceding quration, prove 
thatif 

P{A,^)=|A»„ + ^6J, 
then 



p 










xiir„+,., xr„ ... xy,. 
xjS",, , xr„+^ ... x.?^ 


<1. If 

prove that 


iJr.,-, \K., ... xir_+^ 



0. 



-1, 



... 0, - 



.^>1 



0, 0, ... X, -• 
0, 0, ...-1,^. 
l+?.-ia;, -3^ ... 0, -^^ 
-■^'3-, 1, -X ... 0, 
— *a!, 0, 1 ... 0, 

^3^ 0, ... 1, -a; 

~° X, 0, ... 0, 1 

If f„, Q„ be the coefficients of homologous elemente iu P and Q, 

a,P^x + a,Q„ = Q. 
S. D, 15 
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AIm, If to Om elementa of P we ftdd th« homologouB elemente of Q 
mvltipliied 1^ y, tke reaolting determimmt ia equal to 



12. Prove tbe formnla for the change of the independetit Tariable 
in the determinant of n functions 






duf-' 



-ar 






rfp' 



43. Let a,, a,, cc, ... be a series of npositive nnmbers, and let«^ be 
the smn of the diviaora of r selected from tbe terms of this aeries, this 
enm being supposed to Tsjusb for all values of r which have no divisors 
in the above series. Then if 



K.- 


','._,+ '. . — »,t — ', 1 —>t ■■' ■*'.-. 




»!«.-. +».-.» «-l. -»I . -*.■■■-*.-. 




',<.-. + '.-.. , »-2, -', ..—.-, 




','.-.*•.-.. . 1 ,»-3--«„ 




.,., + ., , , 0,0... 2 


tlie number o{ positiTe mtegral Bolutiona of tlie equation 


i.,«, + o,«, + a.»,*....n 


:. 


D. 



44. If «^ is the sum of all the divisors of r, then the determinant 



is equal to (- 1)* n ! when n is of the form ^ (Si* * k), but T&nishes for 
other values of n. 
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227 



45. Let (m, n) denote the greatest common divisor of the integral 
numbei-s m and n ; and let i/r (m) be the number of numbers mit Bur- 
passing m and prime to m ; the symmetrical determinant 

i)___=S*(l, 1){2, 2)...(ni,m) 
is equal to 

*(1)*(2)*(3). ..*("•)• 

46. If J is a skew determinant of ■ order n in which the principal 
diagonal elements are equal -to z, and A^ its system of first minors, 
prove that 

A^,A^ + A^Aa+ ... + A„A„ 

is equal to Aw„ if n is even, and t- 

47. If /(x) = a!' + a,a^"'+o,af- 
has for its roots f>^, 6, ... 6., prove that 



'_ if » is odd. 



K •■■ K, h 



1, 1, I ... 1, 1 I 

And if «, ia the sum of tlie f^ poven of tjio roots 
^, tr" ... X, 1 



48, Prove that 



«,— ... <i„ 1 



= (-1)"^«(5,.»,- ».)/(»)• 



■iH',.',-'.)ir.-. 



ff, being the earn of the homogeneouB powers and products of order p of 



prove that the value of the determinant of order 2n 



15—2 

....G(.KW|C 
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rfo,a....«.)t*(»,.«.-o 

( ^> [*(a.)*(a.)...«K)l- ' 
where ^(x) = {x-x,){x-x,) ...{x-xj. 

60. FrOTO that tlie value of the determinant of order 2n + 1 vhoae 
t* row is 

1, ana,, coan,, BmSo,, cosSa, ...smna,, coana,, 
is 

2'^nsin J(a,-a»), 
where t, it are all duada &om 1, 2 ... n{i>k}. 

Also that the value of the determinant of order 2n whose t* row is 

Edna,, cosa,, Bin2a„ cosSa, ...Binna,, cosna,, 
is 

2-'-"n8in5K-o.)^, 
where ^=Soos J(«, + «,+ •■■ + a,-a.^i •■■-O 

is formed by dividing the 2n angles into two sets of n in all posnble 
ways and takiiig the cosine of half the difference of the suma of these 



51. If 



prove that 



.. &(<:.«,. ..a.)(Hx,.^ 



where ^ {«) = (a; - «,) {a: - a;,) .,. (x—x^^^). 

It B U the determinant obtained from A by writing (a^ — x,)' in 
place of {a, - x,), prove that 



£ 



1 



1 



1 



-, 1 

,n.«^:,yG00(^lc 
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the function on the riglit being fanned like a determinant, with all 
the aigQB positive instead of alternating. 

52. If a, ^ ... \; a', ^ ... \' are two seta each of n quantities, 
and C, is the product of all the binomial coefficients in the expansion 
of (1 ■*• x)', prove the following equalities ; 



("-«')• 
(^-.r 




-m-...(.-xr 
-fr ... (^->.r 


-&«'<""'•■• 


(i-a-)- 


(* 


-«-...(i-Ar 




where 










/. fa-a', a-zS-... a-i' 
J-a; ;8-;3'...;3-i' 






i-a', \-f...>.-\- 




If 




„.(«-.y)(.-M...(,-Xj), 
,.(x-a'yX^-TO...(«-XV). 

/-(larw, 


using the notation of invariants, 







(«-■')• 


.(a-V)-, (a-.)- 


■( 


(\-.r. 
(—"■)■■ 

(— "0" 


■ (.'->■■>■, 

...fa-KT". (a-a 


)■*■ 



-(-l)-C.:4(a,^...X)£i(a',^...i')«., 



(X-aT- 
(.-a-)" 
where 



...(X-XO-, (X-;r)"' 
...(a,-XT" 



»(-!)■ 



{l(a',/S'...X-)J.«. 



...X) 



X-a'...X-X', 
a!-a'...a:-X' 



.-(12)-'««. 



Again, 
(a 



.-)-... (a-xr, 1 
(x-.r-.(x-xr, 1 



= (-l)"'C.£i(a...X)ti(a-...X% 
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a — a' 


.a-V, 1 


X-af 
. 1 


.\-\', I 



63. Let there be tvo systems of binary n-tics u, ... u,; v, . 

M, = a„x' + n^a^^^y + n^at"" V + ■ ■ . + a«y". 

r,= 6„a^ + ri,6ua!'"'y + «.5^-'y + ... + 6„y. 

And let ({,k) be the Imeo-Unear invariant of u, and v,, so that 

{i, k) = «„ J^ - n,Ouft,_u + M,o„6,,.^ -.. . ± d^fta- 
Prove that 

I (1,1) ... (l,«+2) 1 = 0, 

|(m+2, l)...(n + 2,« + 2)| 
j (1,1) ... (l,n + l) 1 = 0. |a.„ a„...a„ || 6„„ . i„ ... 6.^ 
|(n + 1, !)...(« + I, M+ 1)1 |«*.„,ata*, ...'»^, II 6«„, >„„... J„ 

64. If a„ o, ... a, are the roots of the equation 



prove that 



d(p„ p,-p. )_ 



66. K «! = -'. «!= - ■■■ «M--^'( 

X being a function of a;,, ir,-..37,_, given by 

«,' + a;,' + . . . + «._,• + «/« 1, 
prove that 
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56. If «, = (a; + y + *)" + (as - y - a)" 4- (- (c + y - «)" + (- IB - 
prove that the Hessian of u. is 

«,-. (** +y' + «' - Sa:"/ - 2/8* - 2a'ai')-* 
multiplied by a numerical factor. 



57. If 

where w,, w, 
prove that 



231 

y + *)", 



3 linear functions of the n variables i 



^gaog^)=(-i)- g|;;;:;;;;;j ]'. 



dai,' .das,' " da!,a 



dx' dx.dx'" <£b' 



=(->--[^l:e^r- 



68. If «, , «„ M, be three functions of x, y, and if 

^^ '^K.".) r_ '^K,",) ^_ rf(«„»*J 

' d(a;, y). ' d{iB, y) ' • rf(i»,y) ' 



prove that 






„ u^ are four functions of x, y, and if 

rf***, <Pu, iPu. 

d^' (&'*(&' 

d'u, tf*M, (fw^ 

dxdt/' dxdy' dxdy 

ffw, (i^i, (Pw, 

dy" ' rf/ ' dy* 

and Vj, v„ v, similar determinants formed from u„ u,, u,, ^, then 



.„Google 



. trom V,, V,, 
same way a 



THEORY OF DETEEMINANTS. 

,, v^ we can form four new fimctionii w, 
ve obtained n^ ... n^from u^ ...u^. Pn 
to, (Pw (Pw (Pm tPw 



if It, (/"«, d*t*, (f «j 
dafdy' {bfdy^ dofdy' dsfdy 



[ex. 
, to in the 






efu, 



(i^t. 






iPu^ 



dxd^' dxd)^* dxd^' dxd]f 

(fw, (fu, (i*M, (i'Mj 

"^' 1^' 1^' "^ 
where /« is a nnmerlcal factor. 

60. For tlie »*' functions «„ (*, A=l, 2 ... n) of the Tariablea 
IT,, a^ ... ac., prove that the cubic determiuaut whose elements are 



dx, 



{ij,k=l,2...n) 



61. For the n functions u, ...u.of theTariablesa;, . 
the cubic determinant whose elements are 



(i,y,A = l,2...n) 



<".> prove that 



62. If the function i 
the linear substatution 



of the variables x, ... x. be transformed by 



to a functiim v of '. 



. - 1 variables, prove that 



5., w„ .. -„ 

irhcTO "a= j^ J I ftii'l (—!}'£, is the determinant obtained by suppresa- 
ing the t* row in the array formed by &e quantities b, . 



and 



w=2aa«,a!. (i,i = l,2...»), 
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.59 — 66.] EXAMPLES OH THE METHODS OP THE TEXT, 
prove that the substitation 

I dD^, 1 dD 

reduces the giren quadric to the sum of the n squares 



•X^V; (r-l,2...»). 



64. If u and v are two n-ary quadrics and IT, V their reciprooals, 
prove that we can .hj the same linear eubBtitutlou change u into A V 
and V into BU; A and B are the discriminants of u and v. The 
determinant C of the Buhstitution is ihe geometric mean between the 
discriminants of U and V. If C be regarded as the discriminaEt of a 
quadric W, we can by the same linear substitution reduce the three 
quadrics U, V, W bo the sum of squares. The coefficient of any term 
in ^ so transformed is the geometric mean between the homologous co- 
1 17 and V. 



65. If to the leading elements of the determinant of an orthogonal 
snbatitntion of order n we add the quantities a,, a, ... a„ or the 

quantitieB — , — ...—, the resulting determinants are equal if 



66. If B^are the coefficients of an orthogonal substitution (moduluB 
unity) of order n, prove that 



ia equal to zero if n ia odd; but if n is even its value is 



where A is the skew determinant from which tlie orthogonail substitution 
is derived, and [J] the same determinant with the elementa in the lead- 
ing diagonal zera 

If D^ ia the coefficient of one of the leading terms in V, prove that 
when n is even 

2D^ — A 
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[ex. 



67. If |.„| = . 

ia tbe detenniiuuit of an orthc^nal substitution, tlie equatio 
<!„+a:, c„ ... e^ =0 



ia a reciprocal one. If n is odd it has one real root - < ; if n is even and 
I = - I it lias the two real roots i^ 1. The rest are all imaginary. 

68. The maxima and miniina valneB of 
subject to the ctrndidons 

c,,x,+c„a!, + ... ■>-e,,x=0 



are given by the equation 

b„u — av ... 6u« — 



b^u-a^v ... 6„M— o„p, c^, <^ ... c,.,. 



69. The values of a;,, «, ... x^ which satiafy the equations 

a^^X, + tt,|!lJ, + ... + O„|a!. = 

a„x^ + a„x^+ ... +a„a;„ = l 

a,_a;j + o^,a:,+ ... + "i_a;„=0 
and make a;,* + «,' + ... + a;^' a minimum are 

l_dC_ ]^dC_ 1 dC 
2Cda,/ Wda^-" 2Cda„' 
where C is the determinant whose elements are given by 
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67 — 72.] EXAJfPLBS ON THE HETH0D3 OF THE TEXT. 233 

70. Tte TOlue of tte integral 

jj...x,Xjdx,dx^ ... cfo,, 
takea tor all valuoi of &e variables such tliat 

the qnadric being a definite positive form ^.e. incapable of becoming 
negative), is 

(rj)- A 

r(in + 2)2J*' 
where J = | Ou | is the discriminant of the qoadric. 

71. The value of the integral 

I ... / «"'cos(6,a!, +6,3!,+ ... +b^x,)dXjdx,... dx,, 

where 

u = %a„ce,Xt, 



0, 6„ 6, ... b. 
6,,a„,a„... «,. 



*.. ».d. "^ ■■■< 
In thia question and the next w is supposed to be incapable of becoming 



72. The value of the int^ral 



V = libg,X^X„ U = taa,X^X^, 



V W 2 



where S is the sum of the n determinants, obtained by substituting for 
each column of jj in succession the corresponding column of the dia- 
criminant of v. 
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THEORY OF DBTEBIUNANTS. 



[ex. 

73. Let a,, (^---t^+i be 2n + l real aod . different numbers m 
asceading order of magnitude, and let 

r(«)i(«-.,)(»-»j...(«-..j 
e(«).(x-«j(>!-oj...(«-»^)j 

A ]iemg a positive number. Then if 

(these are the complete AbeliAQ integrals of the firat and second species), 
and if also 



f (»)<fa 






(«-V.)«/*W' 



.5^«i 



(<■„-,) f-" 



■».-,)VJ!(») 









'&'■ 



Prove also that 
dD dD 



dD_dp 
dk„ dk. 



D^ _/5\"*' dD dD _/ir\" 



74. Prove that the value of the continued fraction 

a- b . . , 

i — £ — ; — — i— aa- inf. 

a+1- 6+1- e+1- 

is unity. 

75. Prove that the product of the two continued fractions 

a-l + ff 



a+l + 



"2(a-l)'+2(a-l)'+- 

1' 3' 

2(ci + l)'+ 2{o+l)'+' 
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76.' If M. ia the number of terma in a determmant of order n 
wMcli do not contain any element from the principal diagomd, prove 
that 

and hence that — ^ ia the coefficient of a^ in the expansion of z . 

77. If u, k Uie number of terms in a ajmrnetrical determinant of 
order «, prove that 

»■ .-.i.-l '""'"""^ '..-- 0. 
Also that -^ is the coefficient of a^ in the expansion of 

78. If [1. 3.5...{2n- 1)] w, is the number of terma in a akew 
determinant of order 2n, prove that 

M.= (2»-I)«..,-(»-l)«.,,. 

Shew also that ~- is the coefficient of ai* in the expansion of 

79. If jt is the area of a quadrilateral, the co-ordinates of whose 
angular points are («,, y^ ... (x^, y,), then 

1. 0. «,. Si 

1. 0, x„ y, l*.-a^. p.-y.r 

The area of a quadrilateral inscribed in a circle in terms of its sides 
k given by 



\5A = 



b,-a, d, c 



rf. 



80. If the planes 

B,a! + *,y + e.«+rf, = {i = l, 2, 3,4,5) 
touch the same sphere, then 

|o„6„c„rf„«. 1 = (t=l, 2 ...5), 






;+br 
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[ex. 



81. A quadric of revolution passes through five points F,...P^. 
The distozioea of these points firom a focus being r, ...r,. 

If Fi = volume of tetrahedron P, P^ P^ /"„ ifec., prove that 

r,»-, + F,r,+ ...+r,r,=o. 

82. liet 7, T be the volumes, A, B, C, D; a,h,e,d the areaa of 
the faces of t^ro tetrahedra whose angular points are numbered 1, 2, 3, 4. 
Also let P^ be the perpendicular from the point t of the firat tetrahedron 
on the face opposite the point k of the second, and Pa, a like quantity for 
the other tetrahedron. Prove that 



ii-.i-i?. 



(vr-r 



ft J. 1,2 



1,4)- 



83. If A, B, C,D Bxe the directions of four forces in equilibrium, 
and if AB is the moment of the lines A and B, &c., prove that 

, BA, CA, DA 
AB, , €B, DB 

AG, BC, , J)C 
AD, BD, CD, 
If a, h, 0, d are the magnitudes of the forces 
a = J{BC.GD.DB), &a 

84. In Siebeck's determinant, xiv. 22, prove that 

^.288rf, 

where v is the volume of the tetrahedron formed by the feoe opposite 
the point i of the firat tetrahedron and the centre of the sphere circum- 
scribing the second tetrahedron, and similarly for v'. 

85. If in a system of five points d^ is the square of the line 
joining the i"' and A" points, and r is a sixth point of the system, prove 



d^' ... d,,d^ + d„. 



<,+ l 
rf„+l 
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81 — 88.] EXAMPLES ON THE METHODS OF THE TEXT. 239 

86. If in a ByitfOta of sevea straight lines, m^ is the moment of l^e 
t^ and k'^ lines, and r is an eighth line, prove that 



87. HaviDg giTen two tetrahedra whose angular points are 
marked 1, 2, 3, 4, let da denote the square of the distance betweeD 
the i^ point of the first and il^ point of the second teti'ahedron. Prove 

the following relations : 

(i) For two points P, Q the distances of P from the angular points 
of the Erst tetrahedron being a„ of Q from those of the second &„ and 
d = PQ; 

d, 1, 6, ... 



(ii) For the point P and a plane, q, being the distances 
vertices of the second tetrahedron from the plane, p the 
from the plane, 

?. •■■ ?4 



(iii) For two planes, p^, q being the perpendiculars from the angular 
points of the tetrahedra on them, ^ the angle between the planes, 
-J cos*, 0, ff, ... q, 
, 0, 1 ... 1 




P. 



1, d„.. 



88. For a system of six and a second system of fire spheres, if 
p„ is the power of the t* and A* spheres, 

[ 1, Pm —Pu 1 = 0- 

1. P»-Pn 1 



izecoy Google 



S40 THEOBT or DBTBBKDIAins. 

89. Th« eqnatico 

10, S„ S„ S„ S, =0 
S„ 0, *„, '„. *„ 



[ex. 



repreaents two spberea tonching the giveo spheres Si = ... S,= 
f. is th« sqanre of the commoD tangent to the t" and l^ spheres. 



90. Prore that for any fire spherae S,=0 

0, 1 , 1 ... 1 , 1 

, *„ .'.. <„, S, 
(„, ... (,, S, 



In ■ 



91. The index of two points being defined as in Xit. 27, the 
index of two phtnes D, ly ia obttuned by taking in the planes liie points 
abc, a'b'e' and forming the determinant 



"" iabc.a'b'c'i I^.. /„, /^. ; 

and the index of two lines 7, y' by taking in tiie Knee two points a 
and fonning the detenmnant 

" ab.a'b'l /„, I^ y 



Prove that for tvo groups of plai 



s numbered 1 . 

/„ I = 0, 



I ■''.1 ■■■■^i. 1 = - 
/,, ... /« 1 



1 (3r)' (SF')' 



(abc)' 2ABCD ■ iA'B'O'iy ' 



where a, b, c ate now the semiaxcB of the ellipsoid, y, V the Tolumea, 
and A ... A' ... the faces of the tetrahedra formed by the planes. 



nGoot^k- 



Prove a 
points P, F 
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that for two gronpa of lines passing through the 



1 Ai-^>, !=■ 



sin (123)am (ITS') . 
{obey 



92. If between the points of two aarfacee we eetablish the corre- 
spondence 

i='i>(x, y, z), »)=f/'{'»^ y- «). {=x('»'. y. *). 

prove that the ratio of corresponding elements of the snrfaceB is 
given by 

di d( d£ 

dx' dy' dz' 

drf dif di) 

dx' dy' da' 

di dc^ dt 

dx' dy' dz' 
a , b , e 

where (a, b, e), (a, P, y) are the direction cosines of the normal to dt 
and dtr. 
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